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INTRODUCTION



2004 I1DAHO RATIO STUDY MANUAL

INTRODUCTION TO RATIO STUDY PROGRAM

Annual studies of the ratio between the market value determined by
verified sales prices of real property and the assessed value of the
same real property as stated on county assessors” rolls are
conducted. These studies provide technical assistance to counties,
test the results of the continuing appraisal process, and assist the
State Tax Commission iIn i1ts task of equalizing and certifying county
property values. The ratio study is also used to certify adjusted
market value for school equalization and levy purposes.

This manual explains procedures involved in ratio studies. Areas
discussed include the following:

Sampling procedure, including sales verification process;
Types of studies;

Statistical analysis of data;

Education program and technical assistance;

The ratio study as an appraisal tool;

Standards and equalization procedures;

Definitions.

~NOoO U~ WNE

Examples are shown to help clarify the statistics presented and there
IS a section demonstrating how the ratio study can be used in the
appraisal process. Historical background i1s also presented. The
current manual attempts to correct terminology conflicts by adopting
standard 1AAO terminology whenever possible. Many of the changes 1in
this manual are based on suggestions received during ratio study
classes and committee meetings with assessors and appraisers. This
interaction has been helpful and should continue so that future
manuals will further improve.

The reader will find general information as well as complex formulas.
It is far more iImportant to understand the concepts presented so that
the ratio study can be used iIn appraisal work.

Ratio Study System in Place 2000 - 2004

The 2000 ratio study marked the fTirst major change i1n ldaho ratio
study compliance standards in several years. There have been no
additional significant changes for subsequent ratio studies. The
current ratio study system includes the following features:



County Ratio Studies:

e For any category with samples consisting of 5 - 10 observations
(generally, sales), the mean and mean confidence interval will be
used to determine compliance with the required 90% - 110% range.

e For any category with samples consisting of 11 or more
observations, the median and median confidence interval will be
used to determine compliance with the required 90% - 110% range.

e The county assessor may request combination of categories to
produce studies of Improved residential property, unimproved
residential property, commercial property, and manufactured
housing, If results will be more representative. If combination
iIs permitted, equalization adjustments would be applied to any
component category for which at least one observation is included
in the sample.

e 90% (two-tailed) confidence intervals will still be used
intitially to test compliance. However, I1If the sample mean or
median (whichever is appropriate) is not within the 90% - 110%
range for two consecutive ratio studies, compliance will be tested
with an 80% confidence interval in the third study.

School District Ratio Studies:

e The weighted mean ratio will be used, except when distorted by
non-representative ratios. In this instance, the median will be
used.

e Equalization adjustments will only be considered when the

appropriate (weighted mean or median) confidence interval fails to
include 95% or 105%.

Additional information concerning this procedure is found in rules
131 and 315, found i1n Appendix IX, and in the "Standards and
Equalization Procedures'™ section of this manual.

Manual vs. Rules

This manual is intended to provide information for training and
technical assistance. Compliance standards stated in this manual are
advisory in nature, unless specifically incorporated into State Tax
Commission rules. Statutorily set ratio study guidelines for school
district ratio studies can be found in ldaho Code 863-315. The
requirement for equalization of categories of property by the State
Tax Commission is found in ldaho Code 8§63-109. Assessment level
compliance standards are set by State Tax Commission rule 131, while
school ratio study procedures are described in rule 315.




HISTORICAL BACKGROUND

To better understand the ratio study, It is important to understand
some of the history of the assessment process in ldaho and how
equalization has fit Into this process. This section is intended as
an undocumented outline of the past 30 years, designed to give a
broad, general overview of this period.

Evolution of the Valuation Process

In reviewing the valuation process over time, several distinct
periods appear to exist. These can be summarized as follows:

Pre - 1965: Counties establish different assessment ratios
(levels) independently and without state
direction.

1965: The legislature mandates ratios of 20% for

locally assessed real and personal property and
40% for centrally assessed operating property.

1967: State Supreme Court rules classification (see
1965) unconstitutional and requires all
property to be assessed at 20%. This level is
to be phased in by 1979 (later revised to
1982).

1967-1978: Declared ratios of each county approach 20%;
actual ratios lag further behind each year,
with the lowest ratios found iIn residential
categories.

1978-1980: 1% Initiative passes with requirement that
property be assessed at full market value as of
December 31, 1978; the reassessment is to be
completed in time for the 1980 rolls. This
results in a typical residential level of about
80% of market value.

1981-1982: For 1981, the December 1978 values are to be
increased by 4.04% (2% for 1979 and the same
for 1980). Full current market value is to be
achieved for 1982.

1982-1989: Through 1987, current market value 1is
established each year, based on sales centering
one year prior to the lien date. Beginning iIn



1988 sales data centers 6 months prior to the
lien date (prior calendar year).

1989-1991: Current market value each year is still
required. Prior calendar year sales are used
to test and provide information for ongoing
appraisals.

1992-present: Current market value is still required, with
prior year sales used for ongoing (county)
appraisals, but the last three months of the
prior year and the first nine months of the
current year are used in the ratio study to
test assessment conditions.

Evolution of the Ratio Study and Equalization Program

The ratio study and its use changed and grew during this same period.
Changes can be outlined as follows:

Pre - 1960: There were sporadic studies, with a partial
study in 1955 and a full study of each county
in 1958. Use is unknown.

Mid 60"s - 1978: Annual studies used for school equalization
purposes. Equalization based on county-wide
weighted average assessment level, restricted
to school funds only; did not equalize i1nequity
between categories.

1979 - 1981: Transition to current system; no equalization.

1982 - 1987: State ordered trending by category if out of
compliance with level standards.

1988 - 1991: State ordered trending only i1f category out of
compliance for two successive ratio studies.

1992 - 1994: Compliance determined with burden of proof of

non-compliance on State Tax Commission. Two
successive non-compliance studies required to
produce a trending order.

School equalization reinstated beginning with
1993 ratio study.



1995 - present:

Equalization orders may result after just one
year of non-compliance. Special follow-up
studies will test current (not just past)
year"s assessment conditions prior to final
compliance determination. Beginning with 2002
ratio study, burden of proof of non-compliance
lowered given two consecutive years with sample
measures of level outside acceptable range.



RATIO STUDY SAMPLING PROCEDURE

For the most meaningful ratio study, sales information must be
collected, confirmed, and verified to prepare samples of arm®s
length, market value transactions which are representative of each
category or type of property to be studied. The ideal sample would
be:

1. Randomly selected;

2. Proportionally representative of all locational influences and
pertinent property characteristics;

3. Of sufficient size to be considered reliable.

Since there presumably is not an equal opportunity for each property
to sell, provide information, and be in the ratio study, the
randomness test is not met. Similarly, requirements 2 and 3 are
somewhat uncontrollable. Therefore, to maintain some degree of
statistical validity, sample size goals should be as follows:

1. Obtain the greatest possible number of acceptable sales;

2. Do not exclude any sales unless verifiably invalid or if these
sales over-represent certain properties;

3. Make additional efforts to obtain sales in areas and
categories which, traditionally, have few verified
transactions;

4. Check for over-representation of "hot spots™. Do not allow
these areas to contain more sales than the proportion of
property in the "hot spot" to the category being tested. Note
that the "hot spot' designation also applies to over-
representation of certain value related property
characteristics. For example, 1f 20% of the residential
improvements have more than 2500 square feet of living area,
and this group accounts for 50% of the ratio study sample,
sales should be removed randomly until the correct proportions
are achieved.

Because of our inability to randomly sample property, we cannot truly
estimate the number of sales necessary to produce a reliable and
valid ratio study. However, 1t should be noted that the major
factors which influence sample size requirements are:

1. Uniformity: Fewer sales are needed to study areas with
good assessment uniformity.

2. Acceptable error: It a larger error in results is considered
acceptable, a smaller sample size is indicated.



The number of parcels in an area or category has only a minor

influence on sample size.

The following examples use standard

statistical sample size formulas to demonstrate these influences:

Example A | Example B | Example C
Total # of parcels 5,000 5,000 500
Standard deviation: 15% 25% 25%
(low numbers = good)
Acceptable error + 10% + 5% + 5%
Required sample size: 9 98 84

The procedure used to derive sample size in these examples assumes
that a random sample of any size can be produced. Because this is
not true in ratio study sampling, sample size formulas are of only
marginal use iIn establishing ratio study sample sizes.

The primary source of sales information will be the deed records of
the county. All open market sales which are not to be excluded as
invalid, as indicated below, should be included in the ratio study,
unless such inclusion can be demonstrated to produce over-
representation of certain value influences. Validity of sales data
must be determined by confirming the details of each transaction.

Confirmation may be made by contact, in person or by mail, with
either the grantee, the grantor, or other knowledgeable person who is
fully informed of the terms of the transaction. Sales may also be
confirmed by review of sales documents. These documents include:

1. Purchase agreements,
2. Escrow documents, and
3. Broker records.

IT confirmation is by mail, a cover letter and sales verification
questionnaire will be used. Samples of these documents are provided
in Appendices I and I1.

Information obtained will be recorded on a Commission approved form
or computer printout (See Appendix I11).

When any portion of the property studied is exempt from property
taxes, the sale must be adjusted. For homeowner®s and hardship
exemptions, the exempted value should be added back to the taxable
value of the property before the ratio is calculated. For all other
exemptions, each sale price should be adjusted to remove the exempted
value before the ratio is calculated. If the adjustment cannot be
calculated, the sale should be deleted from the study.



A sample which includes personal property may be used in the ratio
study 1T the selling price can be adjusted satisfactorily to
eliminate the personal property value. When such adjustments are
considered, the amount to be subtracted from the sale price should be
market derived and should not merely be the cost of the personal
property.

The following sales situations are presented to i1llustrate the types
of transactions usually presumed to be unsuitable for use in an
assessment ratio study:

1. The deed does not show warranty of title by the grantor;
however, other types of deeds may be used iIn the ratio study
iT verification proves they are bona fide transactions.

2. The subject of the grant is a partial interest.

3. The grantee or grantor is a federal, state, county,
municipality or other political subdivision, or is a public
utility.

4. The grantee is a bank, insurance company, building and loan

association, or other financial institution.

5. The grantee is a charitable, educational, or religious
institution.
6. The grantee and grantor are related by blood or marriage, or

are corporate affiliates. Sales between business associates
should be carefully screened.

7. The grantee and grantor are the same and the deed is a
convenience to change the nature of the iInterest iIn the
property. (Example: Tenancy In common to tenancy by the
entireties.)

8. The subject property constitutes or is a part of a trade or
exchange of properties.

9. The grantor is transferring property to avoid a lien or
judgment.



10. The sale results from judicial order, decree, or proceedings,
and grantor is a sheriff, receiver, or other court officer.

Sales that can be clearly identified as falling into any of the above
categories are considered potential candidates for rejection from the
ratio study.

It is important to note that sales between relatives should not
automatically be excluded. Often, sales prices are not demonstrably
influenced by family relationships and this effect should be
determined when verifying sales.

The ratio that is calculated for any sale should not be used as an
indication of validity. However, studies have shown that extreme
outlier ratios (very high or very low) often indicate doubtful sample
validity. Since outliers can substantially impact measures of
assessment level In small samples, non-typical ratios should be used
as flags to identify sales which should then be subject to additional
verification. As a rough rule of thumb, sales with ratios outside of
a range of +2 standard deviations around the mean should be reviewed.
It is no longer permissible to use an automatic 5% exclusion
procedure. Alternate procedures to be employed are based on the
inter-quartile range and can be found in the IAAO 1999 Standard on
Ratio Studies.

Example 1: Outlier Review Guide
Sale # | Assessed Value |Sales Price |Ratio (%)
1 15,000 25,000 60.00
2 15,000 22,000 68.18
3 17,000 20,000 85.00
4 19,000 22,000 86.36
5 25,000 27,000 92.59
6 24,000 25,500 94.12
7 25,000 25,000 100.00
8 20,000 16,000 125.00
9 35,000 25,000 140.00
10 55,000 25,000 220.00

Although the assessment level appears to be acceptable iIn this
example, the mean is 107.13% and uniformity shown is very poor (COD =
30.74%). The standard deviation is 46.22%. Sale #10 exceeds the
mean by more than 2 standard deviations and should be reviewed. If
sale #10 were found to be invalid, the mean would become 94.6% and
the standard deviation 25.2%.
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The procedure for rejecting sales is:

1.

Sales to be included are submitted by the county assessor to the
consulting appraiser. The consulting appraiser may determine that
additional sales are needed and may search for and include these
when possible.

The consulting appraiser and the county assessor should review the
sales and the consulting appraiser may use discretion to delete
invalid sales found iIn the study. IT there 1s disagreement
between the consulting appraiser and the assessor, the assessor
should make written recommendation to the State Tax Commission
regarding sales to be added or eliminated.

The State Tax Commission decides whether to follow the county®s
recommendations and notifies the county and consulting appraiser
accordingly.

Contracts for sale are usable In the ratio study if the conditions of
the sale meet the requirements of a bona fide, arm™s length
transaction. Implicit in this term, arm"s length transaction, iIs the
consummation of a sale as of a specified date and the passing of
title from seller to buyer under conditions whereby:

1. buyer and seller are typically motivated.

2. both parties are well informed or well advised, and each acts
in what i1s consider their own best interest.

3. a reasonable time is allowed for exposure in the open market.

4. payment Is made in cash, or with financing which is on terms
generally available in the community at the specified date and
typical for the property type in its locale.

5. the price represents a normal consideration for the property
sold and 1s unaffected by special financing amounts and/or
terms, services, fees, costs, or credits incurred iIn the
transaction.

RULES

The basic guidelines and standards for the ratio study are contained
in the following State Tax Commission rules:

Rule 217: Rule pertaining to market value and
appraisal.
Rulles 314 & 316: Rules pertaining to reappraisal

program and compliance.
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Rule 130: Rule listing and describing property
categories.

Rule 131: Rule pertaining to use of ratio study
in equalization.

Rule 315: Rule pertaining to school district
ratio studies.

TYPES OF STUDIES

The type of ratio study varies with intended use. Studies may be
used for many purposes, including:

1.) determining assessment conditions for property of a particular
type or class, or at a particular location;

2.) establishing baseline conditions prior to reappraisal and
monitoring the progress of reappraisal work;

3.) equalizing property values to ensure equal treatment by
category and equal effect of exemptions;

4_.) computing adjusted market value for school equalization and
levy purposes.

Depending on intended use, the time period from which sales to be
included are to be drawn will vary, and assessments against which
these sales are to be compared will also vary.

Studies by Counties

Studies done by local officials will generally relate to purposes (1)
and (2) shown above. These studies should, ordinarily, involve sales
occurring during the calendar year immediately preceding the
assessment year. For example, for year 2005 assessments, calendar
year 2004 sales should be used. However, this should not be
considered to be inflexible. |If sufficient sales are not available
during one year, It is permissible to extend the sales period,
provided that proper, documented time adjustments are developed and
that economic conditions have not become greatly altered.

Sales data for 2004 (or a longer period, 1T necessary) could be
compared to either 2004 or 2005 assessments, depending on whether the
study was designed to determine initial (baseline) or final
assessment conditions for 2005. Comparison to 2004 assessments would

12



also represent a final review of 2004 assessments, and would help the
assessor to determine the accuracy and validity of decisions made and
data used for that year.

For every period of sales used In a ratio study, time adjustments
must be considered. When using the prior calendar year"s sales, the
sale prices typically will reflect market values as of July 1 of the
prior year. Since the assessment date iIs six months later, sale
prices should be time adjusted forward to reflect value as of January
1 of the assessment year. Procedures to use to determine appropriate
time adjustments are found in the IAAO PAAA textbook.

Special studies reflecting various geo-economic areas, and classes or
types of properties are strongly recommended. Although the county is
required to appraise 20% of all property each year, special emphasis
should be focused on those areas which have poor uniformity as
demonstrated by ratio studies.

2004 County Equalization Ratio Study

Each category of property must be in compliance with assessment level
standards each year. County equalization ratio studies test
compliance and are authorized under ldaho Code 8§863-109 and State Tax
Commission rule 131. The 2004 final county ratio study is by
category of property based on sales and assessments as follows:

Sales occurring between Oct. 1, 2003 and Sept. 30, 2004 are
adjusted for time (to January 1, 2004) and compared to 2004
assessments. This study will be completed in March, 2005 and is
considered a final report on 2004 assessment conditions.

Time adjustments must be considered and made whenever provable iIn
the market. Different adjustments may be necessary to reflect
different amounts of appreciation in different categories of
property.

Counties will be notified of any category that is out of
compliance (see: "Standards and Equalization Procedures'™ section).
Results that are out of compliance trigger a follow-up study which
will compare 2005 assessments with sales occurring between January
1, 2004 and December 31, 2004. For this follow-up study, sale
prices will be time-adjusted to January 1, 2005.

Any category that is not considered in compliance after completion
of the follow-up study will be reported to the State Tax
Commission, which may take equalization action at i1ts August, 2005
meeting. The State Tax Commission may delay implementation of any
equalization adjustment for one year, if there is reason to

13



question the representativeness of the original ratio study.

Statistically, the burden of proof of noncompliance iIs on the State
Tax Commission as the equalizing agency. Except when sample level
measurements remain outside the 90% - 110% range for two consecutive
years, a conclusion of non-compliance will be reached only when the
State Tax Commission is at least 95% certain that the mean (if
normally distributed) or median (if not normally distributed) level
of assessment is not between 90% and 110% of market value for a given
category of property (see: "Standards and Equalization Procedures”
section for more complete explanation).

Perspective on the Ratio Study & Equalization

The use of the ratio study as outlined iIn this section conforms with
major features of the IAAO 1999 Standard on Ratio Studies (although
no provision in the ldaho system tests for differences between
categories of property In a county - the IAAO Standard... suggests no
more than a 5% permissible difference). This Standard... advocates
use of sales spanning or after the assessment date for equalization
purposes. The use of sales following the assessment date creates an
independent check of assessed values and lessens the need for
additional monitoring (checking assessment rolls, etc.) to confirm
ratio study results. The equalization ratio study becomes simply an
audit procedure to determine compliance and the need for equalization
adjustments. This particular study is not designed to assist in the
appraisal process or to otherwise provide technical assistance to the
county. Those functions are met by ratio studies done locally or
with State Tax Commission assistance, based on sales from an earlier
time frame.

Ratio study sampling procedures rely on sales which may not occur in
random patterns and, thereby, may not conform with standardized
statistical survey sampling procedures which enable precise
calculation of reliability. For any statistical validity in both
equalization and reappraisal ratio studies, sample representativeness
is critical. |If, for example, a new area begins to sell after the
assessment date, an influx of sales from this area may cause over-
representation of assessment conditions which differ significantly
from those in the remainder of the category. Follow-up studies on
non-complying categories of property will aid in ascertaining
assessment conditions and will more nearly reflect value changes made
by assessors for the current year subject to equalization.

14



Rural Area Equalization

The most difficult areas to appraise or equalize are those with
highly erratic markets or with few sales. The current ratio study
standards greatly reduce the possibility of equalization adjustments
in categories with poor reliability due to small samples or poor
uniformity, because the burden of proof of noncompliance is on the
State Tax Commission. Under current standards, even in the largest
county or category, every category with a mean or median (whichever
iIs appropriate) between 90% and 110% of market value Is considered in
compliance. Categories represented by small, poorly reliable samples
are allowed considerable deviation from this range, as expressed by
the sample mean or median (point estimate). For example, in the
first year of testing, a sample of 10 sales with a standard deviation
of 15% would not be considered out of compliance (on the low side),
iT the mean were at least 81.31%. After two years with a sample mean
below 90% however, the sample mean would be required to be at least
83.4%. With only 5 sales and the same standard deviation, results
would be considered less reliable and would not be considered out of
compliance 1f the first year mean were at least 75.7%. In the third
year, the sample mean would have to be at least 79.7%. Additional
charts and information on compliance are presented in the "Standards
and Equalization Procedures' section.

Often, due to limited sales in sparsely populated areas, certain
categories of property have assessment conditions determined by
analysis of a small number of sales. There is no provision in ldaho
law to preclude equalization 1t a particular minimum number of sales
is not available. However, as long as this manual is in effect,
State Tax Commission staff will not recommend State Tax Commission
ordered value adjustments 1T the sample size is less than five,
although analysis of samples as small as three may be provided. The
analysis of any sample with fewer than five sales iIs intended only as
a guide to the assessor. The State Tax Commission may, at iIts
discretion, add appraisal conducted by Commission staff to small
samples to improve representativeness and attain minimum sample size
for equalization studies.

The importance of maximizing the amount of sales data to enhance
study reliability cannot be over-emphasized.

Categories to be tested for equalization purposes will include the
following, provided that adequate samples can be obtained:

1. Improved Urban Residential: Abstract Items 20 and 41.

2. Unimproved Urban Residential: Abstract ltem 20.
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3. Improved Rural Residential:
*Subcategory 1 (tracts): Abstract ltems 12, 18, 34, and 40
Subcategory 2 (subdivisions): Abstract ltems 15 and 37.

4. Unimproved Rural Residential:
*Subcategory 1 (tracts): Abstract ltems 12 and 18
Subcategory 2 (subdivisions): Abstract Item 15

5. Commercial: **Abstract Items 11, 13, 16, 21, 27, 33, 35, 38, 42.
(Categories are analyzed separately if data is sufficient.)

6. Condominiums: Abstract item 26.

7. Manufactured Housing: ***Abstract ltems 46, 47, 48, 49, and 65.
*Categories 18 and 40 may be analyzed separately from 12 and 34 if
sufficient data is available. |If these categories (18 and 40) are
not used for residential purposes, they should not be included in any
rural residential property study.

**Industrial categories may be included with commercial categories or
separately analyzed if assessor and consulting appraiser agree.

***Manufactured housing selling together with land may be studied
with the appropriate land category.

Ratio Study use in School Equalization

Idaho Code 63-315 imposes a requirement for the State Tax Commission
to compute adjusted market value for each school district and to
publish the statistical measures computed iIn the ratio study done to
fulfTill this requirement.

Procedure

The procedure used to compute the adjusted market value of each
school district was revised beginning with the 2000 school district
ratio study. The major change was use of the weighted mean unless
distortion can be proven and use of a 95% - 105% compliance range.
For several years, the school district study has been conducted by
property "‘designation’™ instead of property category. All categories
are to be assigned to one of three designations:

1. Residential;

2. Commercial; or
3. Manufactured homes and attachments.

16



A complete discussion of procedures to be used is found in Rule 315
found In Appendix IX.

Discussion

Because this analysis is done by school district rather than by
county, results of county wide ratio studies may not match school
district ratio study results. For example, if a school district were
in three counties, sales and assessments for each category would be
compiled for the district as a whole before analysis. ITf most of the
data were from one of these counties, the results for the district
would more closely resemble that county®s ratio study. Similarly,
two districts In the same county could have different adjustment
factors if the ratio study shows that not all areas of the county are
assessed at the same level. Typically, small rural districts tend to
have smaller adjustments because of lack of data and therefore lack
of sufficient statistical certainty that the assessments are not at
market value.

Actual calculation of school district adjusted market values is done
using spreadsheet software. Copies of all calculations will be made
available on diskette on request.

Statistical Measures

Statistical measures are computed using the sales and appraisal
samples described earlier In this report. All measures are computed
in accordance with standard statistical procedures described in this
manual and in the 1AAO0 1999 Standard on Ratio Studies.
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STATISTICAL ANALYSIS OF DATA

In conducting assessment ratio studies the State Tax Commission
performs statistical analysis of all verified sales and appraisals to
be used. The results of this analysis are compiled and presented on
tables, which 1dentify the area being studied and category(ies)
included (see Appendix 1V).

Results shown include statistical measures of central tendency
(level), variability (uniformity), and reliability (precision).
Tests of assessment progressivity/regressivity and of the normality
of the distribution of assessment ratios are included whenever
possible. Worksheets demonstrating procedures for many of these
statistical tests can be found i1n Appendix V.

MEASURING ASSESSMENT LEVEL

Measurements which determine assessment level do so by establishing
what 1s known statistically as the central tendency of the
observations (in this case, the ratios). The goal i1s to determine
one number which best represents assessment level. The number is
based on the available sales data and is computed from ratios found
by dividing each assessed value by the sale price of that property.

Assessment ratios can be expressed in decimal or percent form and are
calculated in the following way:

ratio = Assessed Value The term, A/S also means "ratio’.
Sales Price
Example 2:
Assessed Value = $40,000
Sales Price = $50,000
ratio = $40,000 = 0.80 = 80% = A/S

$50,000

Using a ratio of 100% as a proxy for market value and as the primary
point of reference, ratios will always fall into 3 groups:

100%; Assessed Value = Sales Price

(perfect) A. ratio

(low) B. ratio < 100%; Assessed Value < Sales Price
( < means less than)
(high) C. ratio > 100%; Assessed Value > Sales Price

( > means greater than)
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Although the ideal ratio is 100%, in practice it is rarely possible
to precisely predict the selling price of individual properties.
This prediction is further complicated by the fact that most
properties are not currently for sale.

In mass appraisal aiming at market value, we expect approximately
equal numbers of properties to sell for more than, or less than,
their assessed values. Appraisal errors or marketplace uncertainty
should be random. In other words, if the goal is market value
(100%), individual properties randomly should be expected to appear
to be assessed too high or too low, but a category as a whole,
measured by a sufficient number of representative sales, should
appear to be assessed close to 100%.

In 1Idaho, we calculate four different tests of assessment level. The
purpose of each is to discover whether differences between
assessments and sale prices are random, individual events or are
systematic, resulting in low or high overall level of assessment.
Four tests are used because each test i1s subject to different types
of distortion or bias, the effect of which is minimized by reviewing
the four results. The tests and their identifying symbols are:

1. Mean (375), also known as:

a. Arithmetic Mean or simple Average
b. Unweighted Mean or Unweighted Average
_ T~
2. Median (A/S)
3. Geometric Mean
4. Weighted Mean (K/g), also known as: Sales Weighted Mean
Each of these measures is calculated on the sales or sales and
appraisal ratios that constitute the sample. The results are point
estimates or statistics related only to the sample. Additional tests
of the reliability of these statistics are necessary to draw
inferences about the population of unsold and sold properties that

the sample is designed to represent (see "'Statistical Measures of
Reliability” section).
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Mean GUE);

The mean ratio is determined by summing the ratios computed for each
sale and dividing this total by the number of sales iIn the sample.
(See computation in Example 6 following.)

The mean has the advantages of being simple to compute and easy to
understand. Another advantage Is that it takes all measurements iInto
account. It is also used as a basis for certain measurements of
uniformity. However, a small number of very low or high assessment
ratios tend to weigh heavily on the mean, distorting i1t (usually on
the high side) so that it is often not the truest measure of
assessment level. [In fact, because of the mathematics involved in
ratios, the mean i1s biased on the high side, although this i1s not
always apparent. In small samples this distortion tends to be more
pronounced. There is also a tendency to overuse this statistic. It
is Iimportant to realize that a mean of 100% does not necessarily mean
good assessment conditions.

Geometric Mean:

The geometric mean is a measure of assessment level which i1s not as
susceptible to influence from a few extremely high ratios as the
arithmetic mean. It does not, however, correct for problems caused
by low ratios and will never be higher than the arithmetic mean. The
geometric mean also suffers from being more complex and therefore
less understandable. Finally, there are no corresponding measures of
reliability to test the precision of this statistic. Example 6 shows
the geometric mean for a sample and presents a comparison to the
mean.

Geometric Mean:

A measure of level determined by multiplying all of the
ratios in a sample together and then taking the "n'th
root of the product of this calculation.

geo. mean = (A1/S: * Ax/S, * As/Sz *... A/S)Y"

where A./S, represents each ratio in the sample;
and n = the number of ratios in the sample.
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Median (Z?gjz

The median ratio 1s an indicator of the central ratio in any sample.
It is determined by arraying all of the ratios from a particular
category and finding the midpoint. Again, It is possible to compare
this value to both the arithmetic and geometric means, with large
differences indicating problems iIn either sampling or county
appraisals. The median is also used in calculating the coefficient
of dispersion, discussed under the uniformity heading. The median is
considered an unbiased estimator of level, since It iIs not subject to
the effects of outlying ratios; however, this can be a disadvantage
as well as an advantage, since valid outliers are not reflected.

Once the ratios are computed and arrayed, the rank or order number
corresponding to the median ratio can be found from this formula:

median rank = .5(n) + .5,
where n = the number of sales in the sample.

Example 3: Sale # Ratio

80%
85%
90%
95%
100%

ahrwNBE

Median rank = .5(5) + .5 =3
The third ratio is 90% and this is the median.
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Example 4: Sale # Ratio

80%
85%
90%
95%
100%
105%

O WNE

Median rank = .5(6) + .5 = 3.5

In Example 4, the median ratio is between the third and fourth
ratios. These two ratios are added together with the sum
averaged (divided by 2) to compute the median:

ratio #3 : 90%
ratio #4 : 95%
sum : 185%

sum / 2 : 185% / 2 = 92.5%
The median is 92.5%

(Note: () adjacent to a number indicate that the number is to
be multiplied by whatever is inside the ( ).)

Weighted Mean (K/g):

The weighted mean differs from the mean in that the computation 1is
based on the total assessed value for the entire sample divided by
total of all sales prices for all sales in the sample. (See
computation in Examples 7 and 8 following.)

In the determination of this statistic, sales of more expensive
property weigh more heavily and exert more influence on the result
than those of less costly property. Outlying individual ratios do
not exert strong influence on this statistic, but cautious use is
recommended, since value weighting may cause considerable distortion,
particularly by very high value occasional sales which may have non-
representative low ratios.
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Examples comparing the mean, median, and weighted mean follow:

COMPARISON OF THREE MEASURES OF ASSESSMENT LEVEL:

Example 5: WTD. MEAN = MEAN = MEDIAN
Sale # Assessed Value | Sale Price Ratio
1 $ 20,000 $ 50,000 40.00%
2 30,000 50,000 60.00%
3 40,000 50,000 80.00%
4 50,000 50,000 100.00%
5 60,000 50,000 120.00%
6 70,000 50,000 140.00%
7 80,000 50,000 160.00%
Totals: 350,000 350,000 700.00%
MEAN = 100.00%
MEDIAN = 100.00%
WTD. MEAN = 100.00%

Measures of level are considered biased if they tend to distort the
impression of the true assessment level. In Example 5, the three
measures are equally useable with distortion caused only by different
assessments of properties treated identically in the market.
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COMPARISON OF MEASURES OF ASSESSMENT

Example 6: MEAN > MEDIAN & SALES

LEVEL:

WTD. MEAN

Sale # Assessed Value | Sale Price Ratio
1 $ 80,000 $ 50,000 | 160.00%
2 75,000 60,000 | 125.00%
3 70,000 70,000 | 100.00%
4 65,000 80,000 81.25%
5 60,000 90,000 66.67%
6 55,000 100,000 55.00%
7 50,000 110,000 45 .45%
Totals: 455,000 560,000 | 633.37%
MEAN = 90.48%
MEDIAN = 81.25%
WTD. MEAN = 81.25%
GEOM. MEAN = 82.98%

COMPUTATIONS:

633.37/7 = 90.48%

(mean) (the “/” means to divide)

.0 X 7 + .5 4 = 81.25%

(median)

455,000/560,000 = 81.25%

(wtd. Mean)

160 x 125 x 100 x 81.25 x 66.67 x 55
X 45.45 = (27081979031250)Y7 = 82.98%

(geometric mean)

In Example 6, the mean is distorted by high ratios. The best

indicator of level is probably the me
point by up to 80 points, while the 1
Note that in comparison to the mean,

to a much lesser extent by the high r
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COMPARISON OF THREE MEASURES OF ASSESSMENT LEVEL:

Example 7: WTD. MEAN >> MEAN & MEDIAN
Sale # Assessed Value | Sale Price Ratio
1 $ 10,000 $ 20,000 50.00%
2 20,000 40,000 50.00%
3 30,000 60,000 50.00%
4 60,000 80,000 75.00%
5 90,000 100,000 90.00%
6 120,000 120,000 | 100.00%
7 160,000 140,000 | 114.29%
Totals: 490,000 560,000 | 529.29%
MEAN = 75.61%
MEDIAN = 75.00%
WTD. MEAN = 87 .50%
COMPARISON OF THREE MEASURES OF ASSESSMENT LEVEL:
Example 8: WTD. MEAN << MEAN & MEDIAN
Sale # Assessed Value | Sale Price Ratio
1 $ 40,000 $ 20,000 | 200.00%
2 60,000 40,000 | 150.00%
3 60,000 60,000 | 100.00%
4 75,000 80,000 93.75%
5 60,000 100,000 60.00%
6 70,000 120,000 58.33%
7 30,000 140,000 21.43%
Totals: 395,000 560,000 | 683.51%
MEAN = 97 .64%
MEDIAN = 93.75%
WTD. MEAN =  70.54%

The weighted mean fails as a valid indicator in Example 7, where high
ratios on higher priced property distort this measurement upwards.
The opposite occurs in Example 8, where assessments are too high on
lower priced property and too low on higher priced property. The
weighted mean is questionable in this case as well.
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The following chart provides a summary of assessment level

statistics:
Assessment Level
Advantages Disadvantages
Mean Uses all data; basis Biased high (affected more by

for uniformity and
reliability statistics

high ratios)

Weighted Mean

Eliminates distortion
due to high or low
ratios

Price related weighting
distorts toward ratios on
higher priced property

Median

Unbiased (by extreme
data)

Ignores all but 1 or 2
ratios; no predictive
capability

Geometric Mean

Unbiased (by extreme
high ratios)

Not useful as basis for
uniformity and reliablility
statistics
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MEASURING ASSESSMENT UNIFORMITY

Uniformity determines the quality and inherent equity of property
assessments. Although both the appraisal and the market transaction
are subject to distortion on any individual property, If the
magnitude of this distortion iIs consistently large, taxes paid by
similar properties In the same area will differ widely. The goal of
a fTair assessment program iIs to reduce inequity of this type.

There are two overall types of inequity that can occur:
1. Inequity between categories.
2. Inequity within a given category.

In the first case, inequity results when the assessment level 1is
lower in one category than another. This situation becomes apparent
when level indicators from different categories are compared.

In the second case, the distortion is entirely within one category
and is not indicated by measurements of level. The following chart
illustrates this situation:

LEVEL VS. UNIFORMITY

Example 9:
Sale # Assessed Value | Sale Price Ratio
1 $ 10,000 $ 25,000 40 .00%
2 30,000 50,000 60.00%
3 22,500 30,000 75 .00%
4 60,000 60,000 | 100.00%
5 37,500 30,000 | 125.00%
6 70,000 50,000 | 140.00%
7 40,000 25,000 | 160.00%
Totals: 270,000 270,000 | 700.00%
MEAN = 100.00% *
* MEASURES
MEDIAN = 100.00% * OF
*  ASSESSMENT
WTD. MEAN = 100.00% * LEVEL
x
GEOMETRIC MEAN = 90.68% *
(COD) COEFFICIENT OF DISPERSION = 35.71% * MEASURES
*  OF
(COV) COEFFICIENT OF VARIATION = 44.06% *  UNIFORMITY
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Although all of the level measurements indicate that market value has
been achieved on an overall basis, significant variation is present
and will prevent many taxpayers from being taxed equitably.

IT the seven sales shown accurately represent assessment conditions,
each sale can be thought of as representing about 14% of the
property. In other words, 14% of the property is assessed at 40% of
value, 14% at 60%, and so on. The type of inequity demonstrated in
Example 9 is known as horizontal inequity, because i1t occurs
throughout a category of property and is not more pronounced on
higher or lower priced property.

LEVEL VS. UNIFORMITY

Example 10:
Sale # Assessed Value | Sale Price Ratio
1 $ 21,000 $ 25,000 84 _.00%
2 44,000 50,000 88.00%
3 28,000 30,000 93.33%
4 60,000 60,000 | 100.00%
5 32,000 30,000 | 106.67%
6 56,000 50,000 | 112.00%
7 29,000 25,000 | 116.00%
Totals: $ 270,000 $ 270,000 | 700.00%
MEAN = 100.00% *
* MEASURES
MEDIAN = 100.00% * OF
* ASSESSMENT
WTD. MEAN = 100.00% * LEVEL
*
GEOMETRIC MEAN = 99.36% *
(COD) COEFFICIENT OF DISPERSION = 9.90% * MEASURES
* OF
(COV) COEFFICIENT OF VARIATION = 12.17% * UNIFORMITY

In Example 10, the sales with prices identical to those in Example 9
have closer assessed values. Measurements of level are unchanged
except for the geometric mean, which is now closer to the other
measures. However, variation between ratios of assessment has been
reduced and there will be much better taxpayer equity.
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Determining Uniformity

Available procedures and statistics which enable uniformity to be
calculated or visualized include:

Range

Frequency Distribution

Histogram

Coefficient of Dispersion (COD)
Standard Deviation

Coefficient of Variation (COV)
Price-related Differential (PRD)

~N~NOoO U~ WNER
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Range

After ratios are computed and arrayed or put In order from lowest to
highest (or the opposite), the range can be computed by finding the
difference between the highest and lowest ratios. In the first
"Level vs Uniformity” example (Example 9), the range was 120% while
in Example 10, it was only 32%. Larger ranges generally indicate
poorer uniformity, but the frequency of outlying (very low or high)
ratios is much more important than mere presence.

The range is the same (190%) in both of the following samples:

Sale # | Ratio Sample A | Ratio Sample B
1 10% 10%
2 10% 100%
3 10% 100%
4 200% 100%
5 200% 100%
6 200% 200%

Uniformity obviously is better in Sample B. Results in sample A are
more likely to be indicative of systematic appraisal error.

Frequency Distribution

Arrayed ratios can be grouped into brackets typically 5% or 10% in
width. A sample frequency distribution follows:

Frequency of Ratios of Assessed Value to Sales Price/Appraisal Value
# Ratio Brackts (%0)
Category in 0 |55|/60]|65[70|75/80|85/90|95]100| 105|110 115|120 125] 130 135 140 145 150
Sample | 54 |59(64]|69|74]79]|84]|89|94(99]|104]109|114]119] 124|129 134| 139 144 149 | Over
Resid w/Imp. 74 of of 1f 11 2| 5] 3| 9]23/12] 8 2 5 o 11 of o] of 1 1 0
Resid. Land Only 0
Rural Inv. 20 2 5| 4 7 1 1
Commercial 12 f 1f 3|1 3| 2 1 1
Impr. Rural Resid. Subd. 14 1 2 5 2 2 2
Impr. Rural Resid. Tracts 14 1 1 i 1 2 1 5 1 1
Unimpr. Rural Resid. Subd. 0
Unimpr. Rural Resid. Tracts 0
Mfg. Housing 13 1 2l 3| 3 2 1 1
Totals: 147 1l o] 2| 1] 4| 7| 7] 13[ 36|28 241 6 9 2| 3 1 of 1 1] 1 0
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Although this county had 1 improved residential ratio between 60% and
65% and 1 between 145% and 149%, twenty-three ratios in this category
were between 90% and 95%. Forty-five ratios, or 61% of the sales in
this category, fell between 90% and 110% of market value. The
frequency distribution shows the concentration of ratios within
certain brackets or intervals and gives an indication of the degree

of uniformity.

Histogram

The histogram represents a picture of the frequency distribution. It
is plotted by determining the percent of ratios in each frequency
distribution bracket and can be drawn for individual categories or
the entire county, as in this plot of the preceding frequency

distribution:

HISTOGRAM YOR ALL CATEGORIES

28% ~
28X -
24X

20% -
1BX -
16% -
14X -

Flat histograms or those without central peaks indicate poor
uniformity, while the above histogram shows few outliers and good
uniformity. By superimposing a histogram on the "normal™ curve, the
normality of ratio study data can often be ascertained.
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Coefficient of Dispersion (COD)

The COD is a direct mathematical measurement of uniformity. It is
based on how far each ratio differs from the median and is defined as
the average percentage difference between each ratio and the median
ratio. The COD is always expressed as a percent of the median and is
computed using the following formula:

Tfas-AS cop_ 1002AAD

n A/S

Where: AAD is the average absolute deviation;

AAD=

> means ""the sum of'';
| | means absolute value disregarding * sign;

A;j/S; represents each individual ratio;

T~

A/S i1s the median ratio.

COMPUTATION OF THE COD

Example 11:
Assessed Value | Sale Price Ratio Difference Between
Each Ratio & Median
$ 21,000 $ 25,000 84 .00% 16.00%
44,000 50,000 88.00% 12 _00%
28,000 30,000 93.33% 6.67%
60,000 60,000 | 100.00% 0.00%
32,000 30,000 | 106.67% 6.67%
56,000 50,000 | 112.00% 12 _00%
29,000 25,000 | 116.00% 16.00%
Total Difference: 69.33%
(AAD) AVERAGE DIFFERENCE = 9.90%
COoD = 9.90%

In Example 11, the COD and the AAD were exactly the same. This will
occur only 1If the median is 100%.
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COMPUTATION OF THE COD

Example 12:
Assessed Value Sale Price Ratio Difference Between
Each Ratio & Median
$ 10,500 $ 25,000 42 _00% 8.00%
22,000 50,000 44 _00% 6.00%
14,000 30,000 46 .67% 3.33%
30,000 60,000 50.00% 0.00%
16,000 30,000 53.33% 3.33%
28,000 50,000 56 .00% 6.00%
14,500 25,000 58.00% 8.00%
Total Difference: 34_.67%
(AAD) AVERAGE DIFFERENCE = 4 _95%
COoD = 9.90%

Although the median i1s lower (50%) in Example 12, the relative spread
between ratios is the same as in Example 11 and the COD is also the

same.

This means that an average difference of 4.95% around a median of 50%
represents the same degree of uniformity as an average difference of
9.9% around a median of 100%.
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The following chart compares uniformity of two other samples, each
consisting of seven sales:

Level vs. Uniformity
Deviation from Median

80 Percent of Deviation

6 Group 1: COD = 36%

40

20

-20

-40

Group 2: COD = 9%

-60

-80

1 2 3 4 5 6 7

|—0— Grp 1: Poor U - Gmp. 2 Good U —A— Perfect (Ratio=Med) |

Compares 2 groups of 7 sales

If Deviation = 0, uniformity is perfect

Both groups of sales have exactly the same median and are therefore
at the same level. Except for the one sale in each group that is
sold for i1ts assessed value (the median was 100% in both groups), all
other sales prices deviated from assessments. The difference between
the two groups is in the magnitude of the deviation, which was much
greater in Group 1, with a COD of 36%, than in Group 2, with a COD of
9%.

To meet standards that have been established for uniformity, the COD
must be 15% or less for improved residential property and 20% or less
for unimproved property, manufactured housing and commercial
property.
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A practical grading system for improved property (add 5 points to
this scale for unimproved property) would be:

COD (%) UNIFORMITY CONDITION
<5 Questionable

5-10 Excellent

10-15 Good

15-20 Somewhat Poor
20-30 Poor

> 30 Very Poor

Since typical marketplace variation precludes perfection in mass (or
even single parcel) appraisal, CODs less than 5% are virtually
impossible to obtain unless assessments are adjusted to sales prices
on individual properties. Three exceptions, in which unusually low
CODs may be expected, are:

1. Subdivisions in which lot price is strictly controlled by a
developer;

2. Areas in which all improvements are identical or very similar
(possibly condominiums);

3. Agricultural land, because of its non-market basis.

The COD is considered the best overall indicator of uniformity, since
it Is based on the median which is not distorted by high or low
ratios. It does not however enable predictions concerning the
proportion of property that iIs assessed within a particular range of
the typical assessment level. For example, given a median of 90% and
a COD of 10%, we would know that the typical property is assessed
between 81% and 99% of market value (a COD of 10% and a median of 90%
equates to a 9 point range around the median ratio). However, we
could not estimate the percentage of properties overvalued (100% +)
or within any given range (i.e.: 90% - 110%).

Some prediction with the COD may be possible, since, in a normal

distribution, the COD may be multiplied by 1.25 to approximate the
COV.
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Standard Deviation

The portion of property in the population having ratios within a

particular range can be predicted from the standard deviation.

statistic is computed based on the unweighted mean ratio.
predictions that are made require the following assumptions:

1.

2.
3.

This
The

The sample i1s representative of all property in the category
being studied.
The sample has been selected randomly.
The ratios are normally distributed on either side (high or
low) of the mean.

When these assumptions are known to be true the standard deviation,

when computed,

Example 13:

Given:

indicates the following:

PREDICTING WITH THE STANDARD DEVIATION.

The mean for all three groups i1s 95%.

Range of Ratios for indicated portion of property:

Group | Standard Deviation (%) | 68% of prop. | 95% of prop. | 99% of prop.
1 10 85 — 105% 75 — 115% 65 — 125%
2 20 75 — 115 55 — 135 35 — 155
3 30 65 — 125 35 — 155 5 - 185

This distribution follows the rule:

# of standard
deviation from

% of property found
within this range

mean
+ 1 68%
+ 2 95%
+ 3 99%
+ 4 Typically the entire

range

In the above example, Group 1 has the best uniformity and can be
predicted to have 99% of all property in the category studied

assessed between 65% and 125% of market value.

In Group 3, with poor

uniformity but the same mean assessment level, only 68% of the

property is in this range.
split into higher and lower ratio groups.

Therefore,

The other 32% is assumed to be evenly
16% of the

property in Group 3 is assessed more than 25% above market value,

while 16% is at least 35% too low (below 65%).

In Group 1 only

0.5%(1 property in 200) is assessed above 125% or below 65%.
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Another illustration of the proportions that can be predicted from
the standard deviation is:

umber Stangdard
eviations - x

FIGURE 1
STANDARD DEVIATION - HYPOTHETICAL' COUNTY

(X) Mean Ratio 100%

130 Standard Deviation = 10%
175 Standard Deviation = 25%

F
t .
e i
q
u ~ Nommal Curve
e .
n
c
y
34% 34%
x 13.5% 13.5%
-3s -2s -ls X +1s +25 +3s
70 80 90 100 110 120
25 50 75 100 125 150
I I [ cax | I |
I L 95% I I
L 99X l
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Since the means are 100% in the 2 categories shown in Figure 1, the
ranges based on the standard deviations are centered around 100%.

IT the mean ratio is distorted by outliers, the predictive ability of
the standard deviation is diminished. Even if the distribution of
ratios is such that the bell-shaped curve illustrated above does not
exist, the following predictions are still valid:

NON-NORMAL DISTRIBUTION EXAMPLE
# of standard % of property found
deviation from mean in this range
+ 1 Unknown
+ 2 75%
+ 3 89%

The Coefficient of Variation (COV) is an expression of the standard
deviation as a percent of the mean. This "standardizes™ the standard
deviation so that the COV can be interpreted without additionally
knowing the mean. In other words, the COV has exactly the same

meaning for a sample with a mean ratio of 40% as for a sample with a
mean ratio of 120%.

The standard deviation and COV are computed using the following
formulas:

Ai/S —(A/S)? *
= [ZAISZ(ATS) cov - 100°s

(n-1) AJS
where: s is the standard deviation;

3 means "‘the sum of";

n is the number of sales in the sample;

Aj/S;i represents each individual ratio;

A/S is the mean ratio.
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COMPUTATION OF THE STANDARD DEVIATION & THE COV

Example 14:
Assessed Sale Price Ratio Difference Between Difference
Value (%) (%) Each Ratio & Mean Squared
10,000 25,000 40.00% -60.00% 3600%
30,000 50,000 60.00% -40.00% 1600%
22,500 30,000 75.00% -25.00% 625%
60,000 60,000 100.00% 0.00% 0%
37,500 30,000 125.00% 25.00% 625%
70,000 50,000 140.00% 40.00% 1600%
40,000 25,000 160.00% 60 .00% 3600%
Sum of Ratios: 700.00% Sum of Squares: 11650%
MEAN RATIO: 100.00% Sum of squares divided by sample
size —1: 1942%
Square Root: 44 _06%
THE STANDARD DEVIATION 1S 44.06%

THE COV (COEFFICIENT OF VARIATION) IS

THE STANDARD DEVIATION DIVIDED BY THE MEAN:
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COMPUTATION OF THE STANDARD DEVIATION & THE COV

Example 15:
Assessed Sale Price Ratio Difference Between Difference
Value (%) (€)) Each Ratio & Mean Squared
21,000 25,000 84 .00% -16.00% 256%
44,000 50,000 88.00% -12_.00% 144%
28,000 30,000 93.33% -6.67% 44%
60,000 60,000 | 100.00% 0.00% 0%
32,000 30,000 | 106.67% 6.67% 44%
56,000 50,000 | 112.00% 12.00% 144%
29,000 25,000 | 116.00% 16.00% 256%
Sum of Ratios: | 700.00% Sum of Squares: 889%

THE STANDARD DEVIATION

MEAN RATIO: 100.00%

SAMPLE SIZE - 1

IS 12.17%

THE COV (COEFFICIENT OF VARIATION) IS
THE STANDARD DEVIATION DIVIDED BY THE MEAN:

SUM OF SQUARES DIVIDED BY
148%
SQUARE ROOT: 12.17%

12.17%

In these two examples the following predictions can be made:

Range of Ratios for indicated portion of property:

Example Standard Deviation 68% of property

95% of property

14

44 .06%

55.94 — 144 .06

11.88 — 188.12

15

12.17%

87.83 — 112.17

75.66 — 124.34

Obviously, uniformity is much better in Example 15, where only 5% of
all property is predicted to have ratios outside of the range from
75.66% to 124.34% of market value.

The standard deviation is dependent on the mean.

A lower mean ratio

will result in a lower standard deviation, often giving false

indication of better uniformity.

To more accurately judge uniformity

regardless of the assessment level, the Coefficient of Variation

(COV) must be determined as in the following example:
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COMPUTATION OF THE STANDARD DEVIATION & THE COV

Example 15a: STANDARD DEVIATION VS. COV

Assessed Sale Price Ratio Difference Between Difference
Value (%) (€)) Each Ratio & Mean Squared
10,500 25,000 42 .00% -8.00% 64%
22,000 50,000 44 _00% -6.00% 36%
14,000 30,000 46.67% -3.33% 11%
30,000 60,000 50.00% 0.00% 0%
16,000 30,000 53.33% 3.33% 11%
28,000 50,000 56 .00% 6.00% 36%
14,500 25,000 58.00% 8.00% 64%
Sum of Ratios: | 350.00% Sum of Squares: 222%

MEAN RATIO: 50.00% SUM OF SQUARES DIVIDED BY SAMPLE
SIZE - 1: 37%
SQUARE ROOT: 6.09%
STANDARD DEVIATION IS 6.09%

THE COV (COEFFICIENT OF VARIATION) IS
THE STANDARD DEVIATION DIVIDED BY THE MEAN: 12.17%

IT Examples 15 and 15a are compared, the standard deviation in 15a iIs
seen to be 1/2 of the standard deviation in Example 15. The COVs
however, are identical. The lower standard deviation matches the
lower mean (50% vs 100%) in Example 15a. Uniformity relative to the
mean 1s considered identical iIn these 2 examples.

To meet standards for uniformity the COV (not the standard deviation)
must be 20% or less for improved residential property, and 25% or
less for unimproved property, commercial property, and manufactured
housing.

A practical grading system (add 5 points for unimproved property)
would be:

Cov (%) Uniformity Condition
< 5 Questionable

5-10 Excellent

10-20 Good

20-30 Somewhat poor

30-40 Poor

> 40 Very poor
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Price-related Differential (PRD)

Property appraisals can sometimes tend to place unequal tax burdens
on either high or low value property. Inequity of this type is
termed vertical, meaning that properties iIn different value strata
are assessed differently in comparison to market value. Assessments
would be considered progressive if higher priced property were to be
over-assessed iIn relation to lower priced property. This would
occur, for instance, if most $100,000 value properties were appraised
at $90,000 (90%) while $30,000 properties were appraised at $24,000
(80%). The opposite situation would be considered regressive.

Manufactured housing is often regressively treated, with older,
smaller, lower value properties typically assessed at or over market
value, while larger new properties often are under market value.

Bias in favor of high or low priced properties is measured with an
index statistic known as the Price-related Differential (PRD). This
statistic i1s computed using the following procedure:

prD = A/S

/

w

> |
n|

where, A/S is the mean ratio;

A/S is the weighted mean ratio.

Three types of results can be demonstrated:

Price-Related Meaning Favors Type of Bias
Index
1.00 Low and High priced Neither None

property treated same.

< 1.00 Lower ratios on high High Priced |Regressive
priced property

> 1.00 Lower ratios on low Low Priced Progressive
priced property

Standard: 0.98 — 1.03 = OK
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IT the PRD is between 0.98 and 1.03, the degree of bias or vertical
tax Inequity is not considered significant. However, the Mann-
Whitney test described following this section is considered more
definitive and should be used iIn addition to the PRD, particularly
for large samples (more than 100 sales).

The PRD is computed by dividing the mean by the weighted mean. This
calculation effectively measures the distortion iIn the weighted mean
caused by high or low ratios on high or low valued property. Since
the mean is not affected by value, but only by ratios, this
measurement can serve as a baseline for the comparison. The
following examples show the computation of the PRD and demonstrate
the tax iInequities represented:

PRD COMPUTATION CHART
EXAMPLES OF VARIOUS CONDITIONS:

Example A:

Sale # Assessed Value Sale Price Ratio
1 $ 25,000 $ 20,000 | 125.00%
2 24,000 30,000 80.00%
3 31,000 40,000 77 .50%
4 40,000 50,000 80.00%
5 60,000 60,000 | 100.00%
6 79,000 70,000 | 112.86%

Totals: 259,000 270,000 | 575.36%

WEIGHTED MEAN = 95.93%

MEAN = 95.89%%

PRD = 1.00*

*DOES NOT FAVOR LOW OR HIGH PRICED

Example B:

Sale # Assessed Value Sale Price Ratio
1 $ 30,000 $ 20,000 | 150.00%
2 40,000 30,000 | 133.33%
3 45,000 40,000 | 112.50%
4 50,000 50,000 | 100.00%
5 40,000 60,000 66.67%
6 45,000 70,000 64 .29%

Totals: 250,000 270,000 | 626.79%

WEIGHTED MEAN = 92 .59%

MEAN = 104 .46%

PRD = 1.13**

**FAVORS HIGH PRICED
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PRD COMPUTATION CHART

EXAMPLES OF VARIOUS CONDITIONS:

Example C:

Sale # Assessed Value Sale Price Ratio
1 $ 6,000 $ 20,000 30.00%
2 12,000 30,000 40.00%
3 30,000 40,000 75 .50%
4 60,000 50,000 | 120.00%
5 75,000 60,000 | 125.00%
6 90,000 70,000 | 128.57%

Totals: 273,000 270,000 | 518.57%

WEIGHTED MEAN = 101.11%

MEAN = 86.43%

PRD = 0.85***

***FAVORS LOW PRICED

These examples use the same group of sales and show the effects of

different assessments.
there is no discernable distortion based on value iIn group A.

Although no group is assessed perfectly,

In

group B, however, assessment ratios clearly decline as value (sale

price) iIncreases; the assessments favor higher price property.
opposite occurs in group C.
Graphically, the 3 examples appear as follows:
Price-Related Differential
Examples A, B, & C
Ratio (A/S) |
1.6 — -
1.4k s el Favors Low
; ~.,
1.2} f e T~
i S~
1.0L SN
0.8 — T~
- o Y .
0.8 | + ~_
0.4 Favors High’ —~
0-2 ) 1 1 L L i 1
: o 10 20 30 40 50 60 70 80
Sales prices ($1,000)

l —e— PRD = 1.00 =< PRD - 1.13 —=— PRD =~ 0.85 '
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Mann-Whitney Test
As a measure of the degree of value related equity problems, the PRD
has certain drawbacks. 1In small samples, the PRD is very sensitive
to distortion caused by the presence of a very small number of
“outlier” type sales. One or two high value, low ratio sales (or
vice versa) can easily result in a PRD which appears to indicate a
significant value related problems. However, the significance of
these results may not be provable in a statistical sense. When this
is the case, value related inequity may not be occurring even thought
the PRD does not meet standard. Similarly, in very large samples,
the PRD may be within acceptable standards, yet there may still be
value related appraisal problems occurring in a small sector of the
properties. Perhaps, for example, appraisals are low on homes over
$500,000, but this group constitutes only 15 sales in a sample of
800. If vertical equity has been achieved in all other strata, it is
unlikely that the PRD will indicate any problem.

To guard against inaccurate judgments and decisions based on the PRD,
ratio studies can be developed to test specific values strata. In
addition, the significance of value related i1nequity can be tested
using statistical tests, such as the Mann-Whitney test, which can be
used to compare the rank of the ratio corresponding to each sale to
each sale price. If there is no value related inequity, these ranks
will be relatively randomly dispersed. If most of these high-priced
sales have low or high ranks, value related i1nequity is iIndicated.

The Mann-Whitney test is calculated by finding U from the following
formula and then testing the statistical significance with a z score.

U =nln2+M_Rl

Where: n; is the number of sales in the group < the mean sale price,
n, Is the number of sales in the group > the mean sale price
R1 is the sum of the ranks iIn the group < the mean price.

Once U is calculated, the z score is determined using the following
formula:
. U -(nn,)/2
Jn,)(n, +n, +1)/12

IT z Is greater than 1.96 or less than -1.96, there is a
statistically significant difference between the ratios In the two
groups and value related inequity is likely. The Mann-Whitney test
IS demonstrated iIn Appendix V g. For this test to be used, the
smaller group must have no fewer than 8 ratios. (See PAAA, 1AAO0,
1990 for additional restrictions.)
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STATISTICAL MEASURES OF RELIABILITY

All of the statistics previously discussed represent measurements
made on sample data. |In fact, by definition, statistics always
concern samples. The ultimate purpose of all of the measurements,
however, is to determine assessment conditions for the entire group
or population of properties iIn each category studied.

Measurements made directly on populations provide parameters or
facts. Since we must indirectly measure the population from a
limited sample, based only on properties that sell, we are forced to
estimate the population parameters. The precision and validity of
this estimation is based on several factors including:

1. Sample Randomness: Sample acquisition should be unbiased with
every property having an equal chance for selection. Although
there 1s no direct bias In the way we choose sales to be used,
each property probably does not have an equal opportunity to sell
and get iInto the ratio study. This requirement should be
considered partially met by our sampling procedure.

2. Sample Representativeness: This requires that the sample be
drawn from the population under iInvestigation and that individual
observations (types of properties) occur in the sample in
approximately the same frequency as in the population.
Stratification by area and category of property helps fulfill
this requirement. However, there may be a tendency in some
unsegregated areas for extensive sales activity in one
subdivision and few or no sales iIn another. |If the property
characteristics and other market influences are similar in the
two areas, there i1s no problem. However, 1f the areas™ economic
forces differ significantly, the requirement for
representativeness may not be fully satisfied.

3. Normality: This is the requirement for assessment ratios to be
randomly distributed with respect to the mean throughout both the
sample and population. Many sources consider this doubtful in
regard to assessment ratios. Usually, however, only large ratio
study samples can be proven not normal with any significant
degree of certainty. Non-parametric statistics may be employed
to avoid inaccurate parameter estimates that may otherwise result
in non-normal situations.
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Measuring Ratio Study Reliability

The reliability of ratio study results is the most important single
aspect of the ratio study. Decisions made using ratio studies have
the potential of affecting hundreds of thousands of taxpayers across
the state. |If the results used as a basis for these decisions are
not reliable, two types of errors can occur:

1. Category values may be adjusted (up or down) when, in fact,
no adjustment is warranted.

2. Category values may be considered satisfactory when, in fact,
adjustments should be made.

These errors are equally serious In terms of taxpayer i1nequity and
may be made by either the state though equalization decisions or the
county through appraisal decisions.

Given a reasonably random and representative sample, reliability
depends on two factors:

1. Sample size

2. Sample uniformity

Large, uniform samples produce more reliable results than small
samples with poor uniformity.

Ratio study reliability can be measured using two different
approaches:
1. Direct measurement of probability of true mean between 90%
and 110% (or any selected level);
2. Indirect measurement of range within which true mean or
median i1s likely to be found.

The second of these approaches involves the development of 95% (or
other appropriately significant) confidence intervals based on the:
1. Mean,
2. Median, or
3. Weighted mean.

Regardless of the base statistic (mean, median, weighted mean), the
confidence interval determined in a ratio study indicates the range
within which we are 95% (or any other selected degree of certainty)
certain that the true assessment level occurs.

In other words, a confidence interval of 85% - 115% indicates that we
are 95% confident that if all property iIn the category being studied
were to be sold and assessment ratios computed, the true overall
average level of assessment would be between 85% and 115%.
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The following chart illustrates the effects of sample size and
uniformity (COV) on the mean based confidence interval (the mean is
assumed to be 100% in each sample shown):

Sample Size Coefficient of 95% Confidence
Variation (COV) (%) Interval (CI)
5 10 87.6 — 112.4
10 10 92.8 — 107.2
50 10 97.2 — 102.8
100 10 98.0 — 102.0
5 20 75.2 — 124.8
10 20 85.7 — 114.3
50 20 94.5 — 105.5
100 20 96.1 — 103.9
5 30 62.8 — 137.2
10 30 78.5 — 121.5
50 30 91.7 — 108.3
100 30 94.1 — 105.9

Note: Confidence intervals developed for determining compliance with
assessment level standards will be slightly narrower, because 90%
(or, in some cases, 80%) intervals, rather than 95% intervals, are
being determined.

Computation of Probability

Ratio study probabilities are computed to determine the chance that
sale of all properties in a category within a jurisdiction would
indicate a particular mean level of assessment. For ratio study
standards, a desirable range for the true level of assessment is
between 90% and 110% of market value. We therefore calculate the
probability that this level has been attained. This probability is
calculated using:

1. the "t" test for samples of 30 or fewer sales;
2. the "z" test for larger samples.

The formula for z or t is as follows:

where: A/S 1s the sample mean ratio;
I ('mu™) i1s the population mean to be tested;
s is the sample standard deviation;
n i1s the sample size.
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Once this equation is solved, standard tables (Appendices VI and VII)
must be consulted to determine the probability corresponding to the
computed t or z value. The following examples demonstrate this
procedure:

Example 16:

A sample of 36 sales has a mean ratio of 85% and a standard deviation
of 10%. We wish to determine with a 5% maximum error the probability
that the true mean level of assessment is between 90% and 110% of
market value.

Since this probability question requires determining the probability
that the true mean is within a given range, two separate calculations
must be done:

~.85-.90

Z_.lo/\/% o

2. Find the probability that p >110% by: z:£%t1£9::—150

10/+/36

Looking up -3.0 in the z table in Appendix VI indicates that there is
a 0.13% probability that the true mean () exceeds 90%. Looking up -
15 indicates that there is virtually no probability that the true
mean exceeds 110%. Therefore, the probability that the true mean is
between 90% and 110% must be 0.13%. If we decide that assessment
level is unacceptably low and values should be increased, there will
be a 0.13% probability that the mean level was already acceptable.

1. Find the probability that p >90% by:

Example 17:

A sample of 81 sales has a mean ratio of 87% and a standard deviation
of 18%. We wish to determine the probability of a true mean between
90% and 110%.

87-.90

1. the z score for p > 90%: z="——-=-1.50
18/4/81
2. the z score for p > 110%: z=:§11319= -11.50
.18//81

From the z table, the probability that the true mean i1s greater than
90% is 6.68%. There is virtually no probability that the true mean
iIs greater than 110%. Therefore, the probability that the true mean
IS between 90% and 110% is 6.68%.

Probabilities cannot exceed 100% or absolute certainty. However, the
standard in use in ldaho requires 5% or higher probability that the
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true mean is in the 90% to 110% range, for samples using the mean to
determine compliance. This means that, for such categories, county

determined assessed values will be considered market value provided

that there is at least a 5% chance that an overall 90% to 110% range
has been attained and provided the sample mean has not been outside

of the 90% to 110% range previously (see Standards).

With reference to examples 16 and 17, assessment level would be
considered satisfactory in Example 17, but unsatisfactory in Example
16 (See: Standards and Equalization section).

Computing Confidence Intervals

The Mean Confidence Interval

The following formula can be used to compute this confidence
interval:

e e[ ©*6)
CI(A/S) A/S:t{ T }

Where: CI (A/S) is the confidence interval around the mean;

t is the constant from the appropriate column of the "'t
table” (Appendix VII) based on n-1 degrees of
freedom; (Note: the column to be used depends on the
selected probability of the mean being outside of the
interval - to be 95% sure the mean iIs within the
interval, select the .05 probability column.)

s is the sample standard deviation;
n 1s the sample size.

In calculating 95% confidence intervals using the means and other
information in examples 16 and 17, we find:

Example 16:
Mean = 85%, Standard deviation = 10%, sample size = 36.

95% CI = .85 + {QEEEiEQ{

J36
= .85 % .03
= (.82 - .88)

We can be 95% confident that the true mean level of assessment is
between 82% and 88% of market value.
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Example 17:
Mean = 87%, standard deviation = 18%, sample size = 81.

95% Cl :871{%}

J81

= .87 + .04

= (.83 - .91)
We can be 95% confident that the true mean level of assessment is
between 83% and 91% of market value. For compliance testing,
1-tailed 95% intervals must be computed. These would use constants
from the 0.1 probability column in Appendix VII. For Example 17 this
would mean substituting 1.645 for the 1.96 constant. This would
change the confidence interval to .87 +.03 or .84 - .90, which would
barely meet standard. Except when noted for compliance testing
purposes, confidence intervals shown In this manual are based on
two-tailed computation methods. These intervals indicate a range
within which, with 95% certainty, the true mean will lie.

In general, narrower confidence intervals indicate greater
reliability and occur when large samples with good uniformity are
available. The effects of sample size and uniformity on unweighted
mean based confidence intervals is shown in the following examples:

CONFIDENCE INTERVALS
Ratio Study Samples for Categories A through D

Statistics A B C D
Mean 95 95 95 95
Standard Deviation 10 50 50 16
Sample Size 100 100 16 4

95% Confidence Interval (mean based)
*UCL 96.96 104.8 121.6 120.5
*LCL 93.04 85.2 68.4 69.5
width 3.92 19.6 53.2 51.0

In these 4 examples "UCL™ iIndicates the upper confidence limit while

"LCL" shows the lower limit of the
difference between these upper and lower limits.

interval.
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The Weighted Mean Based Confidence Interval

This interval provides information similar to that given by the
unweighted mean based interval. Only the central point and
calculation process have been changed. This interval i1s important
when measuring reliability in any sample having a PRD significantly
greater or less than 1.00.

The 95% confidence interval using the weighted mean can be found from
the following formula:

95% CI(A/S)=AIS+t . o* (S[AVS]),
where: A/S is the weighted mean,

t<o0s IS a constant from the .05 error (probability) column
of the t-table using n-1 degrees of freedom,

S[A/S]is the standard error of the weighted mean.

The formula for is: S[Zvé]

JZE ~2 (AISY (A*S) +(A/5) (Y S?)

s[A/5]= —
S./(n) (n-1)

In the above formula, terms are used as follows:

is assessed value;
is sale price;

iIs average sale price.

(/)|(f)>

The following example demonstrates the use of this formula:
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Example 18: Weighted Mean Confidence Intervals
Note: all values are expressed in thousands of dollars.

Sale Assessed (A9 Sale Price D) A * (S
Value (A) (S
1 10 100 40 1,600 400
2 20 400 30 900 600
3 30 900 30 900 900
4 30 900 25 625 750
5 25 625 19 361 475
6 20 400 12 144 240
Totals: 135 3,325 156 4,530 3,365

The mean ratio is 101.7% while the weighted mean is 86.54%.
The PRD is 1.17. Terms to be substituted into the formula are the
following:

n==o6
S = 156/6 = 26 (average sales price)

2(AIS) Y. (A*S)= 2(0.8654)(3365) = 5,824.142

(AIS)’ (D S?) = (0.8654)2(4530) = 3,392.595

With 5 degrees of freedom the t constant = 2.571 (Appendix VII)
Substituting and solving the equation gives the following:

\3325-5824.142 + 3392.595
26*+/6*5

95%CI(A/S) = 0.8654 + 2.571*

=0.8654 £ 2.571* {ﬂ
142.41

=0.8654+ 0.5396=0.3258-1.4050

The mean based interval for this example is 49.00% - 154.40%,
substantially different from the weighted mean based interval above.
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The Median Confidence Interval:

Reliability of results for samples or populations which are not
normally distributed can best be tested by developing a median based
confidence interval. This statistic is determined by a process
whereby certain ratios are selected and represent lower or upper
bounds on the interval. Outlying low or high ratios do not affect
this selection process, which is based strictly on the number of
ratios (sales) available in the sample. The procedure is taken from
the 1AAO, PAAA textbook and follows:

Median Confidence Interval Formula

Depending on even or odd count, one of two formulas i1s used to
calculate the rank of the ratios corresponding to the upper and lower
confidence interval limits.

IT "n" (sample size) is even:
j{l.%zfn +0.5}

IT "n" is odd:

. 1.96*
-l

where, jJ 1Is the number of ratios to be counted up and down from the
median to determine the rank of the upper and lower confidence
interval. Before counting, the result (J) must always be rounded
upward to the next integer.

Odd Example 19:

IT n =25, which iIs odd,

j_196*v§§

5 =49, which 1s rounded to 5

Since the median is the 13th ratio, the lower limit of
the median confidence interval would be the 8th ratio
(13-5) and the upper limit would be the 18th ratio
(13+5).
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Even Example 20:

IT nh = 16, which is even,

_196+V16

J 05 =442, which i1s rounded to 5

Since the median i1s between the 8th and 9th ratios, we
count down 5 from the ratio above the median and up 5
from the ratio below the median. This gives ranks of
9 - 5, or 4 for the lower limit, and 8 + 5, or 13 for
the upper limit.

Because of errors which may occur if the lowest and highest ratios
are determined to be one or both of the confidence interval limits,
this test is only considered valid for sample sizes of 9 or more and
will only be used for compliance testing in samples of 11 or more.

DETERMINING NORMALITY

Reliability testing methods based on the unweighted mean ratio depend
on normal distribution of the sample. How closely a given sample
distribution fits a normal distribution can be determined using
various procedures as listed below:

Method Sample Size For Use
Chi - Square (x® 100 or greater
Binomial Approximation 25 - 99
Direct Binomial Test Less than 25

The Chi Square Procedure

For this procedure, it is necessary to create a frequency
distribution for the sample using at least 6 brackets or intervals.
An expected frequency for the number of ratios that should fall
within each of the chosen brackets can then be developed, assuming a
perfectly normal distribution. Brackets should be chosen so that the
expected frequency i1s at least 5 ratios i1n each bracket. For every 5
brackets, it is permissible for 1 to have an expected frequency of
fewer than 5. IT the expected frequency is much smaller (near 0),
the presence of even a single ratio actually falling in the bracket
will be enough to conclude that there is a non normal distribution.
Therefore lower and upper end brackets should be combined and widened
to prevent this distortion.
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After expected frequencies have been computed and brackets finalized,
observed (actual) frequencies and expected (hypothetical) frequencies
are compared and the probability that the sample distribution is
normal can be determined. Example 21 demonstrates this statistic:

Example 21:

sample size n =114

sample average ratio A/S= 100.58

sample standard deviation s = 15.22

Bracket K

Equal to or Expected Frequency Observed
Greater b Less () Frequency (0)
ut

than than
0% 80% 10.04 9
80% 90% 17.50 9
90% 100% 27.51 33
100% 110% 28.18 38
110% 120% 19.04 15
120% 130% 8.47 6
130% 3.05 4

Observed frequencies were taken directly from the ratio in the sample
of 114 sales. Expected frequencies were calculated (see z test
calculations following the yx? calculation). Chi-square is calculated
as follows:

7 _ ¥ (0-E)* _
E
(9-10.04)° . (9-17.50) +(33-27.51)2

10.04 17.50 27.51

.\ (38-28.18)° .\ (15-19.04)° N (6-8.47)° .\ (4-3.05)°
28.18 19.04 8.47 3.05

=10.63

(x® here is pronounced 'chi-squared” and Yy means "the sum of" and is
pronounced "‘'sigma’.)
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Expected frequencies are determined by using the z test and finding

the probable number of ratios In a given bracket assuming normality.
For example, for the 80% - 90% bracket, the following calculation is
used:

Probability of A/S (any ratio) less than 80%:

, = A/S-A/S _ 80-100.58  _ _1.35
S 15.22
The probability that any ratio is less than 80% is determined from

the z table and here is 8.85%.

,_AIS-AS_ 90 - 10058
s 15.22

=-0.70

The probability that A/S is less than 90% is 24.20%.

The probability of a given ratio between 80% and 90% i1s therefore
24.20% - 8.85%, which equals 15.35%. This percent (15.35%)
multiplied by 114 ratios (n) results iIn an expected 17.5 ratios in
the specified bracket, assuming a normal distribution.

Normality is always the assumed state, unless we have sufficient
evidence to prove that a distribution 1s non-normal. From the
chi-square table (Appendix VIIIl), we can find that to reject our
hypothesis of a normal distribution with 95% confidence, the
calculation would have to result iIn a chi-square statistic of 12.59
(There are 7 brackets or 6 degrees of freedom). Since our answer was
10.63 and this does not exceed the critical value of 12.59, we must
conclude that the distribution of ratios in our sample is normal.

In addition to allowing us to determine normality, the chi-square
calculation process shows clearly the ratio brackets within which the
actual results (observed frequencies) differ the most from the
expected, ""normal’ results. In the sample used in Example 21 the
greatest differences occurred In the 80% - 90% bracket. The deviation
in this bracket accounts for nearly one-half (4.13) of the total
chi-square value (10.63) as follows:

X2 =
For the 80% to 90% bracket, E = 17.50 and O = 9, therefore,

2
«)EF) (No ¥ , since this is for one bracket)

Xz_(17.50-9)2: 413
~ 1750 )
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Non-normal determinations are often caused by an absence of ratios
that are very low or very high. It Is a common misconception that
ratios which deviate significantly from the average occur only iIn
non-market value sales. This error may result in exclusion of many
sales which might enhance reliability and permit a conclusion of
normality. The following chart demonstrates typical ratio ranges that
would be anticipated in normally distributed samples.

Typical Large Sample (n >100) Ratio Range, Mean (A/S) = 100

Uniformity (Comments) Standard Deviation Expected Range (%)
Excellent 8 68 - 132
Very Good 12 52 - 148
Good 15 40 — 160
Borderline 20 20 — 180

Note: the above chart reflects the principle that the range is
ordinarily approximated by the mean +4 standard deviations. For
small samples, this is reduced to +3 standard deviations:

Typical Small Sample Range (Mean = 100%)
Standard Deviation (%) Expected Range
8 76 — 124
12 64 — 136
15 55 — 145
20 40 — 160
30 10 - 190

Binomial testing procedures are more appropriate for samples with
less than 100 ratios; results are similar to those in Example 21.

Binomial Test of Normality

7= 05(n —1) — Xs

4/0.25n

Samples composed of between 25 and 99 ratios may be tested for
normality by using a binomial approximation method employing the
following formula:

Where: n is the total number of ratios;
Xs 1S the number of ratios In the smaller of the two
groups:

1. Number of ratios greater than the mean, or
2. Number of ratios less than the mean.
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z 1s the score to be tested against a critical value to
determine normality.

Example 22:

Sample size (n) = 25
Mean (Z7§) = 100%
Standard Deviation (s) = 22.8%

Array of Ratios:

Sale # Ratio (%)| Sale # Ratio (%)
1 80% 14 93
2 82 15 93
3 83 16 95
4 85 17 97
5 85 18 98
6 86 19 99
7 86 20 101
8 86 21 109
9 87 22 137,
10 89 23 145
11 90 24 150
12 92 25 159
13 93

Number of ratios exceeding the mean: 6
Number of ratios less than the mean: 19
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Using the data from the preceding example, where xs would be 6 (the
number of ratios in the smaller group) and n equals 25, we would
calculate:

_05(25-9)-6_ ,,

J:25(25)

The critical value of z necessary to reject the hypothesized
normality at the 95% confidence level is 1.96 (a constant used for
this purpose).

Since our answer was greater than 1.96, we must conclude that the
sample is not normally distributed. Since the standard deviation was
22.5% in Example 22, we would have expected a range of + 67.5 points
(3 standard deviations) corresponding to ratios from 32% to 168%.
Since we are much closer to meeting the upper limit of this range, it
appears very likely that sales with even moderately low ratios may
have been deleted from the sample.

In non-normal distributions, the median based statistics are usually
the best indicators of assessment conditions. The median is 93% in
Example 22 and probably gives a truer picture of level than the mean
in this case.
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Direct determination of normality

For samples with less than 25 ratios, probability statements
concerning normality can be derived directly from binomial tables.
The following table shows the maximum number of ratios that may occur
in the smaller of the group of ratios, greater or less than the mean,
and still permit us to conclude that we have a normal distribution.

Binomial Table
Critical Vvalue:
Sample Size | Normal 1f number of

) ratios in small
group i1s at least:
5 or less N/A

=
)
VOO NNO OO0 WWNNN|FPP

The critical values in this table correspond to probabilities in
actual binomial tables. See for example, Table 3 on page 614 of
the 1AAO0 Textbook, Property Appraisal and Assessment
Administration.

By converting probabilities to critical values, we are able to reject
the normal distribution hypothesis only when we can be at least 95%
sure that a given distribution is not normal. For example, 1If a
sample of 14 sales had four ratios above the mean and ten below, we
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would not be sufficiently confident to reject the normal distribution
hypothesis. We would conclude that the sample did not deviate
sufficiently from a normal distribution to support a non-normal
conclusion. However, the actual probability of normality is only 9%
in this case. In other words, in this and other tests of normality we
are assuming normality. We will not conclude otherwise unless the
evidence for the alternative conclusion is overwhelming and the
chance of incorrectly concluding that we do not have a normal
distribution is less than 5%.

Sample normality does not necessarily indicate population normality.
In fact, much assessment literature specifically ascribes non-normal
distributions to assessment ratio populations. However, even in
non-normal populations, the central limit theorem holds that the
distribution of means is nearly normal. This supposition requires
only that there be a random and normally distributed probability of
occurrence of a different mean i1If a second sample were selected. The
second mean should be normally distributed in reference to the
initial sample mean.
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EDUCATION AND ASSISTANCE

The State Tax Commission plans and conducts an ongoing series of
instructional workshops designed to help assessment personnel
understand and utilize the statistical methods presented in this
manual. In addition, computer programs have been designed to
eliminate much of the drudgery involved in the computations.
Complete programs are currently available for the following systems:

AS/400
IBM PC (or compatible)
with Lotus 1-2-3, version 5.0 or higher, or Excel

Technical Support Bureau personnel should be contacted for assistance

in using the IBM ratio study program. For more information on the
spreadsheet ratio study templates, contact Alan Dornfest at 334-7742.
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THE RATIO STUDY AS AN APPRAISAL TOOL

The ratio study originally started as a tool to assist the appraisal
process. With time it has become much better known as a method of
measuring appraisal performance for the purpose of equalization.
This perceived concept however, has by no means limited the
usefulness of the statistics in appraisal work.

We commonly think of ratio studies as measuring level, uniformity,
and regressivity. The exciting truth is that they can help with:

** jdentification of general assessment needs;

** jdentification of specific assessment needs;

** development of trend factors and time adjustments;

** measurement of appraiser performance;

** jpdentification of assessment biases
such as: class, location, construction type, age, value;

** defense of property values and appraisal technique iIn
appeals;

** and of course, level, uniformity, and regressivity of
assessments.

In addition to these pure uses of the ratio study, the statistics
involved may be employed to help with the development of depth
tables, economic rent and expenses, land schedules, depreciation
tables, local cost modifiers, correlation of value estimates, etc.

In appraising we estimate a value for which a property would most
probably sell under some specified conditions. Often in figuring
this value we will process as many as three approaches to value with
three different value indications; then, through a process known as
correlation, we determine our final estimate.

In the past the appraiser often has chosen one value over another, or
some combination of values. This often has been by the
seat-of-the-pants or some other even worse method. However, by
performing ratio studies using each of the cost, income, and market
approaches, plus possibly a combination figure, you can study the
results and know the best appraisal approach and value estimate.

Another example of using statistics in appraisal would be iIn
analyzing what i1s economic rent. First, array the data and figure
the mean, median, and mode of the group. Remember we don®"t want an
average rent that might not reflect any property, we want a typical
rent. Somewhere near your mean, median, and mode iIs the answer. By
using uniformity statistics such as the COV and COD against several

64



of your best estimates, you can arrive at a statistically supported
number for economic rent.

The big key to meaningful results is the proper stratification of
data into groups with a lot of similarity. The results you get from
studying these groups are very valuable to assessment work and
consequently increase the equity of the property tax.

The computer systems now available make the manipulation of data and
the number crunching literally fun. Remember proper stratification
of data limits the size of the samples you must work with. There is
really no excuse for not making the statistics in this manual a
regular part of your assessment work.

65



2004 - 2005 RATIO STUDY STANDARDS

1. Assessment Level
The overall assessment level within any category of property will
be considered to be market value provided the applicable ratio
study measure of central tendency is within x£10% of 100%. This
test will be considered met in the 2004 and 2005 ratio studies if:

a) given a sample of 10 or fewer observations, the mean based 90%
(two tailed) confidence interval includes some part of the
range between 90% and 110%; or,

b) given a sample of 11 or more observations, the median based
90% (two tailed) confidence interval iIncludes some part of the
range between 90% and 110%.

For the 2004 and 2005 ratio studies, 80% confidence intervals will
be used to determine compliance for any category of property which
had a sample mean or median (whichever is appropriate) outside the
90% - 110% range i1n the last two ratio studies.

The following Chart shows the lowest and highest acceptable sample
means for 2002 - 2003 ratio studies given various sample sizes and
standard deviations (see note following chart):

Proving Non-Compliance with 95% Confidence
Effect of Sample Size and Uniformity

Sample] Standard| 1-tail |Standard] Lowest Highest |Sample| Standard] 1-tail |Standard| Lowest Highest
Size |Deviation]1l-score| Error |Acceptable|Acceptable] Size |Deviation|1l-score|] Error |Acceptable|Acceptable
% % Mean (% )| Mean (% ) % % Mean (% )| Mean (%)
5 5 2.132 4.77 85.23 114.77 50 5 1.645 1.16 88.84 111.16
5 10 2.132 9.53 80.47 119.53 50 10 1.645 2.33 87.67 112.33
5 15 2.132 14.30 75.70 124.30 50 15 1.645 3.49 86.51 113.49
5 20 2.132 19.07 70.93 129.07 50 20 1.645 4.65 85.35 114.65
5 30 2.132 28.60 61.40 138.60 50 30 1.645 6.98 83.02 116.98
5 40 2.132 38.14 51.86 148.14 50 40 1.645 9.31 80.69 119.31
10 5 1.833 2.90 87.10 112.90 100 5 1.645 0.82 89.18 110.82
10 10 1.833 5.80 84.20 115.80 100 10 1.645 1.65 88.36 111.65
10 15 1.833 8.69 81.31 118.69 100 15 1.645 2.47 87.53 112.47
10 20 1.833 11.59 78.41 121.59 100 20 1.645 3.29 86.71 113.29
10 30 1.833 17.39 72.61 127.39 100 30 1.645 4.94 85.07 114.94
10 40 1.833 23.19 66.81 133.19 100 40 1.645 6.58 83.42 116.58
20 5 1.729 1.93 88.07 111.93 500 5 1.645 0.37 89.63 110.37
20 10 1.729 3.87 88.13 113.87 500 10 1.645 0.74 89.26 110.74
20 15 1.729 5.80 84.20 115.80 500 15 1.645 1.10 88.90 111.10
20 20 1.729 7.73 82.27 117.73 500 20 1.645 1.47 88.53 111.47
20 30 1.729 11.60 78.40 121.60 500 30 1.645 2.21 87.79 112.21
20 40 1.729 15.46 74.54 125.46 500 40 1.645 2.94 87.06 112.94
30 5 1.699 1.55 88.45 111.55
30 10 1.699 3.10 86.90 113.10
30 15 1.699 4.65 85.35 114.65
30 20 1.699 6.20 83.80 116.20
30 30 1.699 9.31 80.69 119.31
30 40 1.699 12.41 77.59 122.41




Note: The preceding chart is only applicable for samples for which the
Mean is to be used to determine compliance and providing the two most
recent studies have not been out of compliance at the 80% confidence

level.

2. Assessment Uniformity

a.

Note:

Coefficient of Dispersion (COD):

Uniformity is considered adequate if this measure does not
exceed 15% in improved residential property categories.
Dispersion of up to 20% is allowed in vacant property
categories, manufactured housing, and commercial property
categories.

Coefficient of Variation (COV):

Assessment uniformity iIs considered adequate if this measure
does not exceed 20% in improved residential property
categories. In vacant property categories, manufactured
housing, and commercial property categories, variation of up
to 25% is acceptable.

Price-related Differential (PRD):

Results in the 0.98 to 1.03 range are considered satisfactory.

With the exception of agricultural land categories,
measurements of uniformity of less than 5% are considered
questionable, probably indicating invalid sample results.
Results in this range should not be considered meaningful
indicators of assessment uniformity.

67



STATE TAX COMMISSION EQUALIZATION PROCEDURE

The 2003 ratio study done by the State Tax Commission for
equalization purposes was completed in March 2004. Prior to
completion, consulting appraisers reviewed each study to ensure that
the data has been properly categorized and proper adjustments made.
Upon completion, each county assessor was notified of the compliance
status and complete statistical analysis of each category of property
tested.

Each category found to be out of compliance with assessment level
standards is subject to additional testing with a follow-up study
using calendar year 2003 sale prices time-adjusted to January 1,
2004. These sale prices are compared against 2004 assessments as
soon as these are available.

The results of the follow-up study are subject to corroboration using
sales occurring through June, 2004. |If the follow-up study is
considered valid and representative, and indicates that adjustments
made by the assessor have resulted in compliance with assessment
level standards, the category is considered in compliance and no
equalization recommendations are made to the State Tax Commission in
2004.

IT a valid and representative follow-up study indicates non-
compliance with assessment level standards, equalization
recommendations will be developed on the basis of this follow-up
study. |If the follow-up study cannot be done or is otherwise
considered invalid or non-representative, equalization
recommendations may be made on the basis of the original ratio study
or a corroborative study.

The State Tax Commission may delay implementation of any equalization

adjustment for one year, if there is reason to question the
representativeness of the original ratio study.
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Prior to the meeting of the State Tax Commissioners as a Board of
Equalization beginning on the second Monday of August each year, the
State Tax Commission staff will prepare equalization recommendations
for each county for categories of property still considered out of
compliance with assessment level standards, iIn accordance with the

following general procedure:

STAFF POSITION
Tax Policy Supervisor

Consulting Appraiser

Bureau Chief - Locally Assessed
Property Section

Division Administrator

FUNCTION
Presents statistical information
from Ratio Study. Compares results
to Ratio Study Standards and makes
recommendations for equalization.

Presents judgment and opinion
concerning the assessment conditions
and the sample used for the Ratio
Study. May concur with
statistically based recommendation
or may present substitute
recommendation, based on additional
information or findings regarding
validity or representativeness of
the ratio study or any follow-up
study.

Reviews information presented by Tax
Policy Supervisor and consulting
appraiser, contacts county to
determine if additional information
is available and to request
explanation for any deficiency;
reviews county input and proposed
staff equalization recommendation
with Division Administrator. The
section manager shall not review
recommendations for any county for
which direct consultation services
are provided.

Reviews all information and meets
with Bureau Chief and Tax Policy
Supervisor to decide on final
recommendation to be submitted to
State Board of Equalization.
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Staff recommendations are not finalized until information has been
compiled for all counties and categories subject to ratio study
analysis.

The preceding process occurs during the period from March through
July. Other than the Commissioner who supervises the Ad Valorem
section, no State Tax Commissioner is involved in this staff
recommendation procedure.

The Division Administrator finalizes staff recommendations for the
State Board of Equalization and dates are established for the State
Tax Commission to hear these recommendations during the State Board
of Equalization meeting. Counties with equalization recommendations
are then notified of the specific recommendations to be presented.
County officials are invited to be present at a formal hearing. At
this hearing the Division Administrator presents the staff
recommendations and the Tax Policy Supervisor presents supportive
information regarding these recommendations. County officials then
have an opportunity to present any additional pertinent information
for consideration.

The State Tax Commissioners take all recommendations under advisement
and issue equalization decisions by the fourth Monday of August.
Decisions are reached by voting commissioners, with the Commissioner
who supervises the County Support Division participating In a
non-voting, advisory capacity. Staff members are not present during
final decision meetings.

At any time during this process, until State Tax Commission (nhot
staff) decisions are finalized, county commissioners may request
permission from the State Tax Commission to convene the County Board
of Equalization to change values to comply with ratio study
standards.
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2004 - 2005 STATE TAX COMMISSION EQUALIZATION GUIDELINE
Case I: Unacceptable Level

This situation can occur only if the 90% confidence interval around
the sample mean or median (whichever is appropriate given the sample
size) level of assessment fails to include any of the 90% - 110%
range.

IT unacceptable level is determined for a category for which the
ratio study sample is considered non-representative or invalid, the
county will be notified of non-complying status, but no trending
recommendation will be prepared or submitted to the State Board of
Equalization. |If the level of assessment can be ascertained despite
an inadequate follow-up ratio study, adjustment recommendations may
be prepared and submitted to the State Board of Equalization.

The following procedures use the timeline in place for the 2004
equalization program (2004 ratio studies and 2005 Board of
Equalization).

IT unacceptable level is determined for a category for which the
sample is considered representative (or a category that was not in
compliance when last studied, but for which the sample had been
considered non-representative), a trending recommendation will be
prepared and submitted to the State Board of Equalization, unless:

a. the county can prove that adjustments equal to those about to
be ordered have already been made, or

b. market value changes, demonstrated by as many new sales as
are available through June, 2005, prove that the adjustments
are no longer necessary, or

c. a validated follow-up ratio study shows that 2004 assessments
were in compliance.

Each follow-up ratio study must be validated using procedures
outlined i1n steps 1 through 4 below. The procedure In step 1 may
also be used to demonstrate market changes, which may indicate
compliance despite non-complying results in the original and follow-
up ratio studies. Ratio study validation steps follow:

1.) Sales from October, 2004 through June, 2005 compared to 2005

assessments. These sales must be time-adjusted to January 1,
2005.
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2.) A statement indicating trends or procedures used to correct
values, including the number of parcels or identification of
areas adjusted.

3.) A list of assessed values before and after application of
adjustments. This list must be created for a randomly
selected sample of non-selling properties within the areas
adjusted within the non-complying category. The list must
show the percent change between 2004 and 2005 values for each
property selected and must show a total percent change for
the entire random sample.

4.) A comparison of 2004 and 2005 total assessed value for the
non-complying category.

IT adequate proof is provided that county adjustments to non-
complying categories have resulted in a mean or median (whichever is
appropriate) level of assessment that indicates compliance with
assessment level standards, state adjustments will not be
recommended. If, however, county adjustments alter assessment level,
but do not produce results which comply with level standards,
modified recommendations will be developed and submitted to the State
Board of Equalization. |If state ordered trending is necessary, the
following procedure is used for staff recommendations:

1. Trending is to be by category (except as outlined in item 3
below) based on the mean or median assessment ratio
(depending on sample size) calculated for the category.

2. The trending factor is computed by dividing the chosen
measure of level iInto 100.

3. Prior to State Board of Equalization action, a county may
request that its board of equalization be reconvened for the
purpose of trending by area or sub-category rather than by
category of property. All new values must be submitted to
the State Tax Commission for review.

4. Any category trended by the state in a given year will be
considered in compliance with assessment level standards for
that year, once the trend is applied.

Case 11: Unacceptable Uniformity.
The county i1s notified of any category with unacceptable

uniformity, but equalization action is not indicated in these
cases.
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RATIO STUDY REPRESENTATIVENESS

As has been discussed elsewhere, there are three distinct purposes
for state ratio studies:

1.

2.

3.

They are used to provide information to assist county assessors
in their annual assessment programs.

They are used to evaluate uniformity to determine any potential
need for the State Tax Commission to complete the county
appraisal program.

They are used to assist the State Tax Commission iIn its task of
equalizing assessments by category of property statewide.

The State Tax Commission is involved in the equalization process for
several reasons including the following:

1.

4.

To ensure compliance with a federal requirement under the 4R Act
for centrally assessed railroad property to be at (within £5%)
the same level as certain commercial and industrial properties.

To ensure that taxpayers in joint taxing districts are assessed
at the same level regardless of their county of residence.

To ensure that taxpayers in different categories of property
within one district are assessed equitably.

To maintain general equity between all centrally assessed
property and locally assessed property.

To accomplish these tasks, it is critical that the state board of
equalization be given the most reliable and credible information
available regarding assessment level.

Review of assessed values and changes iIn assessed values of non-
selling properties is one way of monitoring the representativeness of
ratio study information.
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DEFINITIONS

All terms are defined In accordance with their usage iIn this report.

Arithmetic Mean (average) (K7§):

The result of dividing the sum of ratios in a series by n, the
number of ratios in a sample. A measure of central value.
Simple to compute, but may be disproportionately influenced by
extreme ratios. Also known as: unweighted mean, mean.

Z:/s:m

Mean =

Where A/S = each individual ratio and n = the number of ratios in
a sample.

Array:
An ordered series of ratios from low to high or high to low.

Binomial Test:

A procedure for determining whether ratios follow a normal
distribution. Used if fewer than 100 sales are available iIn a
sample.

Category:

Category means those types of property defined by numbers given
in rule 130 and indicated on the county abstract of valuation.

A category is a specific type of property represented numerically
on the county abstract of valuation.

The term also refers to the combinations typically used in the

ratio study. Example: 20/41, urban residential lots with
improvements.

Chi-Square Test:
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A test by which the closeness of fit of sample data to a normal
distribution may be determined.

x? = 5(0-E)? where
E
x?> is the chi-square statistic,
0 IS the observed frequency, and
E is the expected frequency.

Confidence Interval:

An interval or range computed from a sample. This interval
enables estimation of a population mean or median with a known
degree of error. The bounds of the confidence interval are known
as the upper confidence limit (UCL) and the lower confidence
limit (LCL).

Dispersion, Coefficient of (COD):

The primary measure of assessment uniformity. It is based on the
median and expresses uniformity in terms of the average
difference between each ratio and the median. The COD is shown
as a percent of the median.

Frequency Distribution:

An arrangement of ratios that groups this data to show how often
given ratio ranges occur. (see: Histogram)

Geometric Mean:

A measure of assessment level determined by multiplying all of
the values In a series together and then taking the "n'th root of
this product.

1/n
geometric mean = (Adsl'* A2/S2 * As/Ss * ... AMS{J

where A./S, represents each ratio in the sample;
and n = the number of ratios.

Histogram:

A pictorial representation of a frequency distribution. (see:
Frequency Distribution)
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Hypothesis:

In inferential statistics this Is a statement about which the
truth or validity is to be tested. The usual procedure is to
state what one chooses to accept in the absence of sufficient
evidence to the contrary (the statement is called the "null
hypothesis™), specify the relationship or statement to be proved
(termed the "alternative hypothesis™), and analyze the available
data to determine whether the null hypothesis can be rejected
(and hence the alternative hypothesis accepted) at some
confidence level.

Level:

A general expression of the overall relationship between assessed
values and sales prices. Measured by determining:

1. Arithmetic mean
2. Median
3. Geometric mean
4. Weighted mean
Mean: (see: Arithmetic Mean or Weighted Mean or Geometric Mean)

Median (A/S):

The middle ratio iIn an array. The rank of the ratio to be
selected can be found by:

median rank = .5(n) + .5, where n = the number of ratios.

Also, equivalent to the 50th percentile.
(see: Dispersion, Coefficient of)

Mode:

The mode is the most frequently occurring number in a sample. |If
two or more numbers occur with equal frequency and no other
number Is present In greater frequency, there will be more than
one mode.

Normal Distribution:

A type of frequency distribution which is symmetrical and
approximately bell-shaped.
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Population:

The group of all items or properties in a particular category
from which a sample is drawn.

Ratio (A/S):

The result of dividing the assessed value of any property by its
sale price. The answer is usually multiplied by 100 to be
expressed as a percent.

Price-related Differential (PRD):

This statistic measures the treatment of property in relation to
high or low value. Tendencies to value high priced property
disproportionately with regard to low priced property can be
identified.

The PRD is calculated by finding a weighted mean ratio by
dividing the sum of the assessed value for all sales by the sum
of the sale prices for all sales. This quotient is then divided
into the unweighted mean ratio, with the result being the PRD.

Reliability:

Any measurement of the likelihood that sample results equal
population results. Specifically, an attempt to determine
whether the average assessment level measured using a ratio study
sample corresponds to the true overall average assessment level
on all properties in any category.

Weighted Mean:

An average ratio derived from the total assessed value and total
sale price in an entire sample. This measure is subject to
distortion if price-related assessment bias exists. (See: PRD).

Sample:
Sample means the sales which will be subject to ratio study
analysis to reach a conclusion or make a recommendation relative

to an abstract category of property In a county or in a specific
area within a county.
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Standard Deviation (s):

A statistical measure of the spread or distance of ratios from
the mean in a sample.

S_\/Z(Ai/si—(m)z

(n-1)
Where:
D means ''the sum of";
n is the number of sales in the sample;
Aij/Si represents each individual ratio;
A/S is the mean ratio.

Standard Error of the Mean:

A statistic that indicates the probable magnitude of difference
between a result (the arithmetic mean) obtained from a sample and
the actual result if measured for a population as a whole.

G

AlS S

where SEa/s = standard error of the mean (A/S),

s = standard deviation,
and n = number of ratios in the sample.

(see: Standard Deviation)
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Uniformity:

An expression of the equity of property taxes to the taxpayers

within any given category of property. Determined by the
following measurements:

1. Coefficient of Dispersion (COD)

2. Coefficient of Variation (COV)
3. Price-related Differential (PRD)

Variation, Coefficient of:

A measure of the spread of sample ratios from the mean expressed
as a percent of the mean. An expression of the standard
deviation in terms relative to the mean.

CoV = [;j*loo
AlS

where s = standard deviation

A/S

the arithmetic mean.

(see: Standard Deviation)
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APPENDIX 1

For The @eopfe o_fIc{aﬁo

TAT COMMISSION
P. O. Box 36 b Boise, ID b 83722

Each year this department gathers and confirms data to be used in
various studies to ensure equality In statewide property taxation.
Equality can be achieved with your cooperation and assistance.

The primary source of sales information is the records of each county.
These records do not always indicate the actual sales price or terms.
Therefore, the details of each transaction must be verified by
contacting either the buyer or the seller.

Your cooperation in furnishing the needed information on the enclosed
questionnaire will be appreciated.

A stamped, self-addressed envelope is enclosed for your convenience.

Sincerely yours,

Enclosures: Sales Verification Form
Return Envelope



Appendix 11

SALES VERIFICATION

LEGAL DESCRIPTION

SELLER

BUYER

ADDRESS )

1. TOTAL SALE PRICE $ DATE OF SALE: Month Year

2. DOWN PAYMENT $ LOANAMOUNTS_____ INTERESTRATE_____ % YEARS___
FINANCING [ Conventional O va (I FHA [J cash [ Private O A O other

3. IF FURNITURE, FIXTURES, ETC. WERE INCLUDED IN TOTAL PRICE, PLEASE ESTIMATE THE VALUE AND LIST THE ITEMS

INCLUDED.
Value $ Items
4. THIS SALE WAS: [ An Ordinary Transaction [ A Trade [ An Estate Sale [ A Foreclosure
[ Between Family [J An Easement O A Condemnation [ other
5. THE TYPE OF PROPERTY WAS: [J commercial [ Residential [ Agricuitural [ other
WAS THIS BARE LAND? Oves ONo
6. IF THE PROPERTY WAS RENTED AT THE TIME OF SALE, WHAT WAS THE RENTAL AMOUNT? mo. yr.

REMARKS AND CONDITIONS OF THE SALE

DATE:

SIGNATURE:

WORK PHONE HOME PHONE.

UAD-SL
REV 6-¢



.RATIO DATA RECORD (srcaor 198

County 1.D. No.

_ Sale Date TCA Assessment year
. Instrument No. Type: URC [] RC[J Adm[] OARE 0 _Qac) wWD[] Otner }

Seller Address
_Buyer Address

City | Lo & | Subdivision Description Sec Twp | Rge
] : H
Prelim. Study Final Study

_ Motivation and Remarks: Category Acres MV{AP Mviap
Down Pmi. Sale Price $ TOTALS

Int. % -~ {15t) Pers. Prop. Date of Last Appraisal STC No.

Int. % {2nd) Other

Term Years Sub Total

Prelim, Final
Net Value $ MVIAP MVIAP
Ordinary ] Between Rélatives 0 Estate ] Trade [J Forced 0 Net Value Net Value
Verified by Date

Appendix 111

tw w0 e Seller (] Buyer(] oOther



Appendix 1V

TIME FINAL RATIO STUDY

DATE STATISTICAL ANALYSIS REPORT
COUNTY FROM SALE DATE
CATEGORY TO SALE DATE
STATTSTIC i COMPLIANCE
NUMBER IN -
SAMPLE (n) LEVEL IN COMPLIANCE YES NO
TOTAL SALESG
APPRAISALS VALUE ($) $
TOTAL ASSESSORS
MARKET VALUE ($) $ UNIFORMITY IN
COMPLIANCE

SUM OF RATIOS COD OK? YES NO

‘ COV OK? YES NO
SUM OF SQUARED : PRD OK? YES NO
RATIOS
AVERAGE SALE§£ CONSULTING APPRAISERS COMMENTS:
APPRAISALS VALUE ($) $

MEASUREMENTS OF LEVEL:

MEAN (%)

MEDIAN (%)

GEOMETRIC
(%)

MEAN

WEIGHTED
geremrl®> | mmmmmmmmmmmmeoTmmmoTTT

MEASUREMENTS OF UNIFORMITY:

PRICE-RELATED (INITIALS)
DIFFERENTIAL (PRD) '

COEFFICIENT OF
DISPERSION (COD) (%)

TAX POLICY SUPERVISOR COMMENTS:

STANDARD

DEVIATION (%) :

COEFFICIENT OF
VARIATION (COV) (%)

MEASUREMENTS OF RELIABILITY:

PROBABILITY
90-110% TRUE ME2AN =

90% CONFIDENCE --
INTERVAL (MEAN)

90% CONFIDENCE
INTERVAL (MEDIAN)

90% CONFIDENCE INTERVAL
(WEIGHTED MEAN)

NORMAL DISTRIBUTION: YES NO =
' (INITIALS)



APPENDIX V a
SALES DATA RECORD

Study 1: Improved Residential (20/41)

(€))
Assessor"s Market Value
Sale # Land Imp. Total Sales Price (%) Ratio(%)
1 5,995 23,980 29,975 54,500 55.00
2 11,036 44,144 55,180 89,000 62.00
3 16,570 48,030 64,600 95,000 68.00
4 5,140 14,740 19,880 28,000 71.00
5 14,001 55,047 69,048 95,900 72.00
6 4,736 18,944 23,680 32,000 74.00
7 6,080 24,320 30,400 40,000 76.00
8 8,453 33,812 42,265 53,500 79.00
9 3,910 15,640 19,550 23,000 85.00
10 4,150 15,582 19,732 20,771 95.00
11 5,300 21,200 26,500 25,000 106.00
12 15,000 13,200 28,200 20,000 141.00
Study 2: Residential Land (20)
Sale # Market Value Sales Price (%) Ratio(%)

6,400 8,000 80.00
2 10,080 12,000 84.00
3 9,660 10,500 92.00
4 3,906 4,200 93.00
5 5,820 6,000 97.00
6 7,425 7,500 99.00
7 11,330 11,000 103.00
8 9,360 9,000 104.00



APPENDIX V bl
Worksheet #2
Frequency Distribution, Relative Frequency and Histogram

Instruction: (Refer to your Sales Data Record)

1. List number of ratios falling within each interval separately
for each category.

2. Total frequencies for both categories.

3. Using the combined total column only, divide the number of
ratios in each interval by the total number of ratios.

4. Convert each answer to a percent by multiplying by 100.
the relative frequency.

5. Transfer all information from this worksheet to the histogram
sheet.

6. Draw the histogram.

This is

Frequency Distribution:

% Ratio Interval Frequency (Fi) Frequency (%) (Fi/N) x 100
Imp. Resid. Resid. Land Combined
(20/41) (20) Total
Less than - - -
55%

55 — 59 1 - 1 5
60 — 64 1 - 1 5
65 — 69 1 - 1 5
70 — 74 3 - 3 15
75 — 79 2 - 2 10
80 — 84 - 2 2 10
85 — 89 1 - 1 5
90 — 94 - 2 2 10
95 — 99 1 2 3 15
100 — 104 - 2 2 10
105 — 109 1 - 1 5
140 — 144 1 - 1 5
Total XXXXXX XXXXXX 20 100




Appendix V b2

HATIO STUDY - SAMPLE FHEQUINCY DISTRILUTION AND HISTOGKAN

19__Ratio Study 19 Sales 19____ Asscsuments Summary for __Counvy
Catepory “H.U._."”m Frequency of Ratios of Assessed <n_=a.no Sales Price/Appratsal value
, 0]155{60]65 |70 |75 {80 {85 |90 |95 [100 10511101115]120 125 130 §135)140§145 150
54 1 59 | 6L 169 |74 |79 |84 |89 [9u |99 |104]109]114]119 )12, 129 h34 [139] 14y Y49hver
Resid w/imp. | 2 —1 } l lI3121—- SP — \ =11~ -1--T1T—1T=T— T =
Resid. land .
only MN “ - -] -] N —12 2. Nl -] =l -t - - -] —] <] —
Rural lav.
Commercial
Other Roral
vith laprov.
Uther Ruval - -
Land Only :
Timbier N
Hobile Homes - - -
TUTALS 20 |—| 1 / \ 31212 \ i1z 1] - -1 —-| -|—| - My -1 —
..cql,_.l.mnn_l.._ln_l-...—..._||_|._...-.l._ll.n».la_ll.ll_l|_||.||
Frequency 9 T
-as
Fercent 25 g
of . E‘kh&ua
- Total 20--
Number
of \.»l e
Samples |
10 1
54
- . 1 . _L L . |ﬁ||l||ﬁ| - N WU IO S T - - L .
0O 55 60 65 70 75 80 85 90 95 100 105 110 115 120 125 130 135 140 145 150
56 59 64 69 74 79 84 89 94 99 104 109 114 119 124 129 134 139 144 149 Over



APPENDIX V cl1
Coefficient of Dispersion

Computation Worksheet #3
Purposes: Using the data from your Sales Data Record, complete the

following charts and compute the coefficient of dispersion
(COD) for each category of property.

Improved Residential Category (20/41)
A B C D
Sale Ratio Median Difference
# between
Median and
Ratio
1 55.00 75.00 20.00
2 62.00 75.00 13.00
3 68.00 75.00 7.00
4 71.00 75.00 4.00
5 72.00 75.00 3.00
6 74 .00 75.00 1.00
7 76.00 75.00 1.00
8 79.00 75.00 7.00
9 85.00 75.00 10.00
10 95.00 75.00 20.00
11 106.00 75.00 31.00
12 141.00 75.00 66.00
Total: 180.00
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Worksheet #3 (Continued)

Residential Land Category (20)
A B C D

Sale Ratio |Median| Difference

# between
Median and

Ratio

1 80.00 | 95.00 15.00
2 84.00 | 95.00 11.00
3 92.00 | 95.00 3.00
4 93.00 | 95.00 2.00
5 97.00 | 95.00 2.00
6 99.00 | 95.00 4.00
7 103.00| 95.00 8.00
8 104.00| 95.00 9.00
Total 54.00
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Worksheet #3 (Continued)

Steps for Above Charts:

1. In Column B, list ratios from Sales Data Record.

2. Determine the median ratio for each category and show this figure
in Column C next to each ratio shown in Column B.

3. Subtract the median from Column B ratio. Ignore the sign (+) of
the answer (this gives us the absolute value of the difference)

shown in Column D.

4. Add up Column D for each chart and show the total. Treat all
numbers as if they were positive.

5. Determine the average absolute deviation by dividing the total
difference from Column D by n (the number of sales). (Use space
provided below to show calculation for each category.)

Total Difference = Average absolute deviation
n

Imp. Resid. Category:

180.00 = 15.00
12

Resid. Land Category:

54.00 = 6.75
8
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Worksheet #3 (Continued)

6. Divide your answers from step 5 by each median and multiply by
100 to find the Coefficient of Dispersion (COD) expressed as a
percent. (Use space provided below.)

Average Absolute Deviation x 100 = COD
median

Imp. Resid. Category:

15.00 x 100 = 20.00
75.00
Resid. Land Category:
6.75 x 100 = 7.11
95.00

Conclusions:

Compare uniformity in the two categories.

The improved residential category demonstrates somewhat poor
uniformity, while there is excellent uniformity shown by the
residential land sample.
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Worksheet #4
Standard Deviation and Coefficient of Variation
Purpose: Using the data from your Sales Data Record, complete the

following charts and compute the standard deviation and
coefficient of variation for each category of property.

Improved Residential Category (20/41)
A B (@ D E
Ratio Mean Ratio Difference (Difference)’
Sale # | (A/S)*100 ATS (ars-ars) | (ars—ars)
1 55.00 82.00 -27.00 729.00
2 62.00 82.00 -20.00 400.00
3 68.00 82.00 -14.00 196.00
4 71.00 82.00 -11.00 121.00
5 72.00 82.00 -10.00 100.00
6 74 .00 82.00 -8.00 64 .00
7 76.00 82.00 -6.00 36.00
8 79.00 82.00 -3.00 9.00
9 85.00 82.00 3.00 9.00
10 95.00 82.00 13.00 169.00
11 106.00 82.00 24 .00 576.00
12 141.00 82.00 59.00 3,481.00
Totals: ss4.00 [N 5.890.00
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Worksheet #4 (Continued)

Improved Residential Category (20/41)

A B (@ D E
Ratio Mean Ratio | Difference | (Difference)’

Sale # | (A/S)*100 ATS (ars-ars) | (ars—ars)

1 80.00 94 .00 -14.00 196.00

2 84 .00 94 .00 -10.00 100.00

3 92.00 94.00 -2.00 4.00

4 93.00 94 .00 -1.00 1.00

5 97.00 94 .00 3.00 9.00

6 99.00 94 .00 5.00 25.00

7 103.00 94 .00 9.00 81.00

8 104.00 94 .00 10.00 100.00
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Worksheet #4 (Continued)

Procedure:
1. In Column B of each chart, list ratios from sales data record.
2. Total Column B ratios.
3. Divide each Column B total by n to get the mean ratio (A/S).
Show results below.
Imp. Resid. mean 984 = 82.00%
12
Resid. Land mean 752 = 94 _00%
8
4. Show the mean ratio in Column C next to each Column B ratio.
5. Subtract the mean ratio from each Column B ratio and show the
result in Column D.
6. Square each Column D result and show in Column E.
7. Total the numbers in Column E.
8. Divide the total of Column E by n-1. Show result below:
Imp. Resid.: Col. E. Total = 5890 = 535.45
n-1 11
Resid. Land: Col. E. Total = 516 = 73.71
n-1 7
(This 1s known as the variance.)
9. Take the square root of the figure obtained in Step 8. This 1is

the standard deviation. Show result below:

Imp. Resid.: /53545 = 23.14
Resid. Land: +/73.71 = 8.59
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Worksheet #4 (Continued)

10. Divide the standard deviation by the mean (Step 3) and multiply
your result by 100 to get the coefficient of variation.

S

—— x 100=COV
AlS
Imp. Resid.: 23.14 x 100 = (Cov) 28.22%
82.00
Resid. Land: 8.59 x 100 = (Cov) 9.13%
94.00
Conclusions:
1. Compare the COV"s determined for each category.

The COV for the improved residential category is considerably
higher than for the residential land category. Excellent
uniformity i1s indicated for the residential land, but improved
residential uniformity is poor.

2. How do the COV®s compare with the COD"s you calculated on
Worksheet #37?

Results for both categories are higher than corresponding COD"s.



APPENDIX V e

PRD
Worksheet #5

The PRD compares a weighted mean to the simple mean determined for
the ratios. Index numbers greater than 1.0 indicate a tendency to
favor higher priced properties, valuing them proportionately lower
(lower ratios) than lower priced properties.

Procedure:

Use the data from the Sales Data Record to complete the following
steps for each category of property.

Step Result
# Description of Step Imp. Resid. Res. Land
1 Sum of Assessor®s market
values 429,010.00 63,981.00
2 Sum of sales prices 576,671.00 68,200.00

3 Step 1 result x 100 = weighted

Step 2 result Mean ratio (%) 74 .39 93.81

4 Sum of Ratios (%) 984 .00 752.00

5 Sum of Ratios = Mean ratio (%) 82.00 94.00
n

6 Mean Ratio = PRD 1.10 1.00

Wtd. mean Ratio

Conclusions:

Compare each PRD.

The improved residential category PRD indicates a tendency to
over-assess lower priced properties. Results on the
residential land category show no tendency to favor either
higher or lower priced properties.



APPENDIX V F
MEASUREMENTS OF UNIFORMITY
Shortcut Procedures
1. Coefficient of Dispersion (Resid. Land example).

a. Sum of the ratios below the median In your array 349

b. Sum of the ratios above the median in your array 403

c. Subtract the sum in (a) from the sum in (b) 54

d. Divide step (c) result by n 6.75
e.

Divide step (d) result by median; multiply by 100 7.11

2. Coefficient of Variation (Residential Land)

A B C
Sale Ratio (Ratio)?
80.00% 6400

2 84 .00% 7056

3 92 .00% 8464

4 93.00% 8649

5 97 .00% 9409

6 99.00% 9801

7 103.00% 10609

8 104 .00% 10816

Total 752.00 71204
STEPS:
1. Square each ratio and show result in Column C.
2. Find the sum of Column B.
3. Find the sum of Column C. 71204
4. Square the sum of Column B and divide the result by n.
(Sum of Col. B)? = 565504 = 70688

n 8
5. Subtract Step 4 result from Step 3 result 516
6. Divide the result in Step 5 by n-1 73.7143
7. Take the square root of your Step 6 answer 8.59
8. Divide Step 2 result by n to find the mean 94.00
9. Divide the standard deviation (Step 7) by the mean (Step 8) and

multiply the result by 100.

Standard Deviation x 100
Mean

8.59 x 100 = 9.13 = COoV
94.00
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Using the Mann-Whitney test to determine equity between two

property groups.

Mean Sale Price: $102,263
SP<mean Rank SP>mean Rank Sale Assessed Ratio Rank
Ratio Ratio Price Value (A/S)
0.5174 1 $290,130 $150,127 0.5174 1
0.5294 2 $33,425 $17,694 0.5294 2
0.5649 3 $286,500 $161,851 0.5649 3
0.5953 4 $106,808 $63,580 0.5953 4
0.6175 5 $63,674 $39,320 0.6175 5
0.6229 6 $243,525 $151,692 0.6229 6
0.6497 7 $71,625 $46,537 0.6497 7
0.6592 8 $273,294 $180,156 0.6592 8
0.6683 9 $47,718 $31,890 0.6683 9
0.6713 10 $39,764 $26,692 0.6713 10
0.6729 11 $91,948 $61,875 0.6729 11
0.6776 12 $119,375 $80,888 0.6776 12
0.7069 13 $91,326 $64,554 0.7069 13
0.7077 14 $77,025 $54,510 0.7077 14
0.7749 15 $58,750 $45,523 0.7749 15
0.7767 16 $74,960 $58,224 0.7767 16
0.7777 17 $56,760 $44,142 0.7777 17
0.7787 18 $58,464 $45,523 0.7787 18
0.7900 19 $56,476 $44,618 0.7900 19
0.7996 20 $114,314 $91,409 0.7996 20
0.8033 21 $73,788 $59,272 0.8033 21
0.8053 22 $247,750 $199,525 0.8053 22
0.8054 23 $177,845 $143,236 0.8054 23
0.8217 24 $112,930 $92,793 0.8217 24
0.8240 25 $104,597 $86,191 0.8240 25
0.8287 26 $57,744 $47,850 0.8287 26
0.8423 27 $92,430 $77,855 0.8423 27
0.8567 28 $135,000 $115,660 0.8567 28
0.8801 29 $56,220 $49,478 0.8801 29
0.8949 30 $40,291 $36,057 0.8949 30
0.9800 31 $43,785 $42,908 0.9800 31
1.0323 32 $106,177 $109,602 1.0323 32
1.0480 33 $23,425 $24,549 1.0480 33
1.2834 34 $35,945 $46,132 1.2834 34
1.5049 35 $15,405 $23,183 1.5049 35
Total: 422 208
Number: 22 13
Average: 19.2 16.0
U —_ * * nl(n1+1)
= [(22*13)+[22*(22+1)]/2]-422 U =ng5+~——zr——-Rl
u =117
Z = [(117-((22-13)/2)][sqrt((22*13)*(22+13+1))/12]
Z = -0.88763
U -(nn,)/2
J(nn)(n, +n, +1)/12

The difference i1s not significant; value related i1nequity cannot be

proven.
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Values of the Standard Normal Distribution Function

xl

Z

Values of the Standard Normal Distribution Function

Z 0 1 2 3 4 5 6 7 8 9

-3. | -0013 | .0010 | .0007 | .0005 | .0003 | .0002 | .0002 | .0001 | .0001 | .0000

.1587 | .1562 | .1539 | .1515 | .1492 | .1469 | .1446 | .1423 | .1401 | .1379

.1841 | .1814 | 1788 | .1762 | .1736 | .1711| .1685 | .1660 | .1635 | .1611

-2119 | .2090 | .2061 | .2033 | 2005 | .1977 | .1949 | .1922 | .1894 | .1867

.2420 | .2389 | .2358 | .2327 | .2297 | .2266 | .2236 | .2206 | .2177 | .2148

2743 | .2709 | .2676 | .2643 | .2611 | .2578 | .2546 | .2514 | .2483 | .2451

.3085 | .3050 | .3015 | .2981 | .2946 | .2912 | .2877 | .2843 | .2810 | .2776

.3446 | .3409 | .3372 | .3336 | .3300| .3264 | .3228 | .3192 | .3156 | .3121

.3821 | .3783 | .3745| .3707 | .3669 | .3632 | .3594 | .3557 | .3520 | .3483

.4207 | .4168 | .4129 | .4090 | .4052 | .4013 | .3974 | .3936 | .3897 | .3859

4602 | .4562 | 4522 | .4483 | 4443 | .4404 | .4364 | .4325 | .4286 | .4247

-2.9| .0019 | .0018 | .0017 | .0017 | .0016 | 0016 | .0015 | .0015 | .0014 | .0014
-2.8| .0026 | .0025 | .0024 | .0023 | .0023 | .0022 | .0021 | .0021 | .0020 | .0019
-2.7] .0035| .0034 | .0033 | .0032 | .0031| .0030 | .0029 | .0028 | .0027 | .0026
-2.6 | .0047 | .0045 | .0044 | .0043 | .0041 | .0040 | .0039 | .0038 | .0037 | .0036
-2.5| .0062 | .0060 | .0059 | .0057 | .0055 | .0054 | .0052 | .0051 | .0049 | .0048
-2.4] .0082 | .0080 | .0078 | .0075 | .0073 | .0071 | .0069 | .0068 | .0066 | .0064
-2.3 | -0107 | .0104 | .0102 | .0099 | .0096 | .0094 | .0091 | .0089 | .0087 | .0084
-2.2| .0139 | .0136 | .0132 | .0129 | .0126 | .0122 | .0119 | .0116 | .0113 | .0110
-2.1| .0179| .0174| .0170 | .0166 | .0162 | .0158 | .0154 | .0150 | .0146 | .0143
-2.0) .0228 | .0222 | .0217 | .0212 | .0207 | .0202 | .0197 | .0192 | .0188 | .0183
-1.9| .0287 | .0281 | .0274 | .0268 | .0262 | .0256 | .0250 | .0244 | .0238 | .0233
-1.8| .0359 | .0352 | .0344 | .0336 | .0329 | .0322 | .0314 | .0307 | .0300 | .0294
-1.7 | .0446 | .0436 | .0427 | .0418 | .0409 | .0401 | .0392 | .0384 | .0375 | .0367
-1.6| .0548 | .0537 | .0526 | .0516 | .0505 | .0495 | .0485 | .0475 | .0465 | .0455
-1.5| .0668 | .0655 | .0643 | .0630 | .0618 | .0606 | .0594 | .0582 | .0570 | .0559
-1.4| .0808 | .0793 | .0778 | .0764 | .0749 | .0735| .0722 | .0708 | .0694 | .0681
-1.3 | 0968 | .0951 | .0934 | .0918 | .0901 | .0885 | .0869 | .0853 | .0838 | .0823
-1.2| .1151 | .1131 | .1112 | .1093 | .1075| .1056 | .1038 | .1020 | .1003 | .0985
-1.1| .1357 | .1335| .1314 | .1292 | .1271 | .1251 | .1230| .1210 | .1190 | .1170

0

-9

.8

.7

.6

-5

-4

-3

.2

-1

.0

-5000 | .4960 | .4920 | .4880 | .4840 | .4801 | .4761 | .4721 | .4681 | .4641
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Values of the Standard Normal

Distribution Function

Values of the Standard Normal

Distribution Function

0 1 2 3 4 5 6 7/ 8 9
.0] .5000 | .5040 | .5080 | .5120 | .5160 | .5199 | .5239 | .5279 | .5319 | .5359
.1].5398 | .5438 | .5478 | .5517 | .5557 | .5596 | .5636 | .5675 | .5714 | _.5753
.2 .5793 | .5832 | .5871 | .5910 | .5948 | .5987 | .6026 | .6064 | .6103 | .6141
.3] .6179 | .6217 | .6255| .6293 | .6331 | .6368 | .6406 | .6443 | .6480| .6517
.41 .6554 | .6591 | .6628 | .6664 | .6700 | .6736 | .6772 | .6808 | .6844 | .6879
.5 .6915| .6950 | .6985 | .7019 | .7054 | .7088 | .7123 | .7157 | .7190 | .7224
.6 .7257 | .7291 | .7324 | .7357 | .7389 | .7422 | .7454 | _.7486 | _.7517 | .7549
.7 .7580 | 7611 | .7642 | .7673 | .7703 | .7734 | .7764 | .7794 | .7823 | .7852
.8 .7881 | .7910| .7939 | .7967 | 7995 | .8023 | .8051 | .8078 | .8106 | .8133
9] .8159| .8186 | .8212 | .8238 | .8264 | .8289 | .8315| .8340 | .8365| .8389
1.0| .8413| .8438 | .8461 | .8485 | .8508 | .8531 | .8554 | .8577 | .8599 | .8621
1.1] .8643 | .8665| .8686 | .8708 | .8729 | .8749 | .8770 | .8790 | .8810 | .8830
1.2 .8849 | .8869 | .8888 | .8907 | .8925 | .8944 | _.8962 | .8980 | .8997 | .9015
1.3] .9032| .9049 | .9066 | .9082 | .9099 | .9115 | .9131 | .9147 | .9162 | .9177
1.4] .9192| .9207 | .9222 | 9236 | .9251 | .9265 | .9278 | .9292 | .9306 | .9319
1.5).9332| .9345| .9357 | .9370 | .9382 | .9394 | _.9406 | .9418 | .9430 | .9441
1.6 .9452 | .9463 | .9474 | .9484 | .9495 | .9505 | .9515| .9525 | .9535| .9545
1.7] .9554 | .9564 | .9573 | .9582 | .9591 | .9599 | _.9608 | .9616 | .9625 | .9633
1.8] .9641 | .9648 | .9656 | .9664 | .9671 | .9678 | .9686 | .9693 | .9700 | .9706
1.9 .9713 | .9719| .9726 | .9732 | .9738 | .9744 | _.9750 | .9756 | .9762 | .9767
2.0 .9772 | .9778| .9783 | 9788 | .9793 | .9798 | .9803 | .9808 | .9812 | .9817
2.1].9821 | .9826 | .9830 | .9834 | .9838 | .9842 | _.9846 | .9850 | .9854 | .9857
2.2].9861 | .9864 | .9868 | .9871 | .9874 | .9878 | .9881 | .9884 | .9887 | .9890
2.3 .9893 | .9896 | .9898 | .9901 | .9904 | .9906 | .9909 | .9911 | .9913 | .9916
2.4] .9918 | 9920 | .9922 | .9925 | .9927 | .9929 | _.9931 | .9932 | .9934 | .9936
2.5].9938 | .9940 | .9941 | .9943 | 9945 | .9946 | .9948 | .9949 | .9951 | .9952
2.6 .9953 | .9955| 9956 | .9957 | .9959 | .9960 | .9961 | .9962 | .9963 | .9964
2.7 ] .9965 | .9966 | .9967 | .9968 | .9969 | .9970 | .9971 | .9972 | .9973 | .9974
2.8] .9974 | .9975| .9976 | .9977 | .9977 | .9978 | _.9979 | .9979 | .9980 | .9981
2.9].9981 | .9982 | .9982 | .9983 | .9984 | .9984 | .9985 | .9985 | .9986 | .9986
3.0 .9987 | .9990 | .9993 | .9995 | .9997 | .9998 | .9998 | .9999 | .9999 | 1.0000




Appendix VI1I

Table X Table of “Student’s” Distribution: Value of t

Degﬁfes Probabi lity

Fré;dom 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.05 0.02 0.01 0.001
1 0.158 | 0.325 | 0.510 | 0.727 | 1.000 | 1.376 | 1.963 | 3.078 | 6.314 | 12.706 | 31.821 | 63.657 | 636.619
2 0.142 | 0.289 | 0.445 | 0.617 | 0.816 | 1.061 | 1.386 | 1.886 | 2.920 | 4.303 | 6.965 | 9.925 | 31.598
3 0.137 | 0.277 | 0.424 | 0.584 | 0.765 | 0.978 | 1.250 | 1.638 | 2.353 | 3.182 | 4.541 | 5.841 | 12.924
4 0.134 | 0.271 | 0.414 | 0.569 | 0.741 | 0.941 | 1.190 | 1.533 | 2.132 | 2.776 | 3.747 | 4.604 | 8.610
5 0.132 | 0.267 | 0.408 | 0.559 | 0.727 | 0.920 | 1.156 | 1.476 | 2.015 | 2.571 | 3.365 | 4.032 | 6.869
6 0.131 | 0.265 | 0.404 | 0.553 | 0.718 | 0.906 | 1.134 | 1.440 | 1.943 | 2.447 | 3.143 | 3.707 | 5.959
7 0.130 | 0.263 | 0.402 | 0.549 | 0.711 | 0.896 | 1.119 | 1.415 | 1.895 | 2.365 | 2.998 | 3.499 | 5.408
8 0.130 | 0.262 | 0.399 | 0.546 | 0.706 | 0.889 | 1.108 | 1.397 | 1.860 | 2.306 | 2.896 | 3.355 | 5.041
9 0.129 | 0.261 | 0.398 | 0.543 | 0.703 | 0.883 | 1.100 | 1.383 | 1.833 | 2.262 | 2.821 | 3.250 | 4.781
10 0.129 | 0.260 | 0.397 | 0.542 | 0.700 | 0.879 | 1.093 | 1.372 | 1.812 | 2.228 | 2.764 | 3.169 | 4.587
11 0.129 | 0.260 | 0.396 | 0.540 | 0.697 | 0.876 | 1.088 | 1.363 | 1.796 | 2.201 | 2.718 | 3.106 | 4.437
12 0.128 | 0.259 | 0.395 | 0.539 | 0.695 | 0.873 | 1.083 | 1.356 | 1.782 | 2.179 | 2.681 | 3.055 | 4.318
13 0.128 | 0.259 | 0.394 | 0.538 | 0.694 | 0.870 | 1.079 | 1.350 | 1.771 | 2.160 | 2.650 | 3.012 | 4.221
14 0.128 | 0.258 [ 0.393 | 0.537 | 0.692 | 0.868 | 1.076 | 1.345 | 1.761 | 2.145 | 2.624 | 2.977 | 4.140
15 0.128 | 0.258 [ 0.393 | 0.536 | 0.691 | 0.866 | 1.074 | 1.341 | 1.753 | 2.131 | 2.602 | 2.947 | 4.073
16 0.128 | 0.258 | 0.392 | 0.535 | 0.690 | 0.865 | 1.071 | 1.337 | 1.746 | 2.120 | 2.583 | 2.921 | 4.015
17 0.128 | 0.257 | 0.392 | 0.534 | 0.689 | 0.863 | 1.069 | 1.333 | 1.740 | 2.110 | 2.567 | 2.898 | 3.965
18 0.127 | 0.257 | 0.392 | 0.534 | 0.688 | 0.862 | 1.067 | 1.330 | 1.734 | 2.101 | 2.552 | 2.878 | 3.922
19 0.127 | 0.257 | 0.391 | 0.533 | 0.688 | 0.861 | 1.066 | 1.328 | 1.729 | 2.093 | 2.539 | 2.861 | 3.883
20 0.127 | 0.257 | 0.391 | 0.533 | 0.687 | 0.860 | 1.064 | 1.325 | 1.725 | 2.086 | 2.528 | 2.845 | 3.850
21 0.127 | 0.257 | 0.391 | 0.532 | 0.686 | 0.859 | 1.063 | 1.323 | 1.721 | 2.080 | 2.518 | 2.831 | 3.819
22 0.127 | 0.256 | 0.390 | 0.532 | 0.686 | 0.858 | 1.061 | 1.321 | 1.717 | 2.074 | 2.508 | 2.819 | 3.792
23 0.127 | 0.256 | 0.390 | 0.532 | 0.685 | 0.858 | 1.060 | 1.319 | 1.714 | 2.069 | 2.500 | 2.807 | 3.767
24 0.127 | 0.256 | 0.390 | 0.531 | 0.685 | 0.857 | 1.059 | 1.318 | 1.711 | 2.064 | 2.492 | 2.797 | 3.745
25 0.127 | 0.256 | 0.390 | 0.531 | 0.684 | 0.856 | 1.058 | 1.316 | 1.708 | 2.060 | 2.485 | 2.787 | 3.725
26 0.127 | 0.256 | 0.390 | 0.531 | 0.684 | 0.856 | 1.058 | 1.315 | 1.706 | 2.056 | 2.479 | 2.779 | 3.707
27 0.127 | 0.256 | 0.389 | 0.531 | 0.684 | 0.855 | 1.057 | 1.314 | 1.703 | 2.052 | 2.473 | 2.771 | 3.690
28 0.127 | 0.256 | 0.389 | 0.530 | 0.683 | 0.855 | 1.056 | 1.313 | 1.701 | 2.048 | 2.467 | 2.763 | 3.674
29 0.127 | 0.256 | 0.389 | 0.530 | 0.683 | 0.854 | 1.055 | 1.311 | 1.699 | 2.045 | 2.462 | 2.756 | 3.659
30 0.127 | 0.256 | 0.389 | 0.530 | 0.683 | 0.854 | 1.055 | 1.310 | 1.697 | 2.042 | 2.457 | 2.750 | 3.646
40 0.126 | 0.255 | 0.388 | 0.529 | 0.681 | 0.851 | 1.050 | 1.303 | 1.684 | 2.021 | 2.423 | 2.704 | 3.551
60 0.126 | 0.254 | 0.387 | 0.527 | 0.679 | 0.848 | 1.046 | 1.296 | 1.671 | 2.000 | 2.390 | 2.660 | 3.460
120 0.126 | 0.254 | 0.386 | 0.526 | 0.677 | 0.845 | 1.041 | 1.289 | 1.658 | 1.980 | 2.358 | 2.617 | 3.373
o 0.126 | 0.253 | 0.385 | 0.524 | 0.674 | 0.842 | 1.036 | 1.282 | 1.645 | 1.960 | 2.326 | 2.576 | 3.291

This table i1s abridged from Table 11 of Fisher and Yates: Statistical

Tables for Biological, Agricultural and Medical Research, published by
Longman Group Ltd., London (previously published by Oliver & Boyd Ltd.,
Edinburgh) and by permission of the author and publishers.




Appendix VIII

The Chi-Square Distribution

DF

Probability that Chi-Square value will be exceeded

-995 -990 .975 -950 -050 .025 .010 .005

1 .004 3.84 5.02 6.63 7.88

2 .01 .02 .05 .10 5.99 7.38 9.21 10.60

3 .07 .11 .22 .35 7.81 9.35 11.34 12.84

4 .21 .30 .48 .71 9.49 11.14 13.28 14.86

5 .41 .55 -83 1.15 11.07 12.83 15.09 16.75

6 .68 .87 1.24 1.64 12.59 14.45 16.81 18.55

7 -99 1.24 1.69 2.17 14_07 16.01 18.48 20.28

8 1.34 1.65 2.18 2.73 15.51 17.53 20.09 21.96

9 1.73 2.09 2.70 3.33 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 5.23 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 22.36 24.74 27.69 29.82
14 4._.07 4._.66 5.63 6.57 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 31.41 34.17 37.57 40.00
21 8.03 8.90 10.28 11.59 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 35.17 38.08 41.64 44 .18
24 9.89 10.86 12.40 13.85 36.42 39.36 42 .98 45.56
25 10.52 11.52 13.12 14 .61 37.65 40.65 44 .31 46.93
26 11.16 12.20 13.84 15.38 38.89 41.92 45.64 48.29
27 11.81 12.88 14.57 16.15 40.11 43.19 46.96 49._.64
28 12.46 13.56 15.31 16.93 41.34 44 .46 48.28 50.99
29 13.12 14.26 16.05 17.71 42 .56 45.72 49.59 52.34
30 13.79 14.95 16.79 18.49 43.77 46.98 50.89 53.67
40 20.71 22.16 24 .43 26.51 55.76 59.34 63.69 66.77
50 27.99 29.71 32.36 34.76 67.50 71.42 76.15 79.49
60 35.53 37.48 40.48 43.19 79.08 83.30 88.38 91.95
70 43.28 45_44 48.76 51.74 90.53 95.02 | 100.43 | 104.22
80 51.17 53.54 57.15 60.39| 101.88 | 106.63 | 112.33 | 116.32
90 59.20 61.75 65.65 69.13| 113.14 | 118.14 | 124.12 | 128.30
100 67.33 70.06 74.22 77.93| 124.34 | 129.56 | 135.81| 140.17






